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1. Introduction

In 1965, Zadeh[10] introduced fuzzy
sets and in 1968, Chang[2] introduced fuzzy
topology. After the introduction of fuzzy set
and fuzzy topology, several authors were
conducted on the generalization of these
notions. The notion of intuitionistic fuzzy sets
was introduced by Atanassov[l] as a
generalization of fuzzy sets . In 1997,
Coker[3] introduced the concept of
intuitionistic fuzzy topological spaces. In this
paper, we have introduced intuitionistic fuzzy
generalized v closed sets and studied some of
their properties.

2. Preliminaries

Definition 2.1[1]: An intuitionistic fuzzy
set(IFS in short) A is an object having the
form A = {(x, pa(x), va(x)) : x € X} where the
function pa : X — [0,1] and v4 : X —[0,1]
denote the degree of membership (namely
pa(x)) and the degree of non-membership
(namely va(x)) of each element x € X to the set
A, respectively, and 0 < pa(x) + va(x) < 1 for
each x € X. Denote by IFS (X), the set of all
intuitionistic fuzzy sets in X.

An intuitionistic fuzzy set A in X is
simply denoted by A = (X, pa, va) instead of
denoting A = {{(X, pa(x), va(x)) : x € X}.

Definition 2.2[1]: Let A and B be two IFSs of
the form A = {(x, pa(x), va(x)) : x € X} and
B = {{x, us(x), va(x)) : x € X}. Then,

a) A € B in and only if pa(x) < pp(x) and
va(X) > vp(x) for all x € X;

b) A=Binandonlyif A< Band A 2 B;

c) A°= {(x, va(X), pa(x)) : x € X};

d) AUB= {{x, pa(x) V pp(x), vax) A
vp(X)) 1 x € X};

e) AN B={(x, ua(x) A up(x), va(x) v
ve(X)) : x € X}.

The intuitionistic fuzzy sets 0~ = (x, 0, 1)
and 1~ = (x, 1, 0) are respectively the empty
set and the whole set of X.

Definition 2.3[3]: An intuitionistic fuzzy
topology (IFT in short) on X is a family t of
IFS, in X satisfying the following axioms:

i O~ l~e€r
(i1) G NGyetforany G, Gyet
(ii1)) U Gj et for any family {G;:i€lJ} St

In this case the pair (X, 1) is called
intuitionistic fuzzy topological space (IFTS in
short) and any IFS in t is known as an
intuitionistic fuzzy open set (IFOS in short) in
X. The complement A° of an IFOS A in IFTS
(X, 1) is called an intuitionistic fuzzy closed
set (IFCS in short) in X.

Definition 2.4[6]: An IFS A = (X, na, va) in an
IFTS (X, 1) is said to be an

(1) intuitionistic fuzzy y closed set (IFyCS
in short) if cl(int(A)) N int(cl(A)) € A

(ii) intuitionistic fuzzy y open set (IFyOS
in short) if A € int(cl(A)) U cl(int(A))

Definition 2.5[6]: Let A be an IFS in an I[FTS
(X, 1). Then the y-interior and y-closure of A
are defined as
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yint(A) =U {G/ G is an [FyOS in X and

GCE A}

vel(A) = N{K / K is an IFyCS in X and
Ac K}

Note that for any IFS A in (X, 1), we have
vcl(A®) = (yint(A))¢ and yint(A)° = (ycl(A))".

Result 2.6: Let A be an IFS in (X, 1), then
(1) vycl(A) 2 A U cl(int(A)) N int(cl(A))
(i) yint(A) € A N cl(int(A)) N int(cl(A))

Proof: (i) Let A be an IFS in (X, 1). Now
cl(int(A)) N int(cl(A)) € cl(int(ycl(A))) N
int(cl(ycl(A))) € ycl(A), as ycl(A) is an
IFyCS[6]. Since A € vycl(A) and ycl(A) is an
IFyCS. Therefore A U cl(int(A)) N int(cl(A))
C ycl(A).

(i1) can be proved easily by taking complement
in(i).

3. Intuitionistic fuzzy generalized y closed
sets

In this section we have introduced
intuitionistic fuzzy generalized y closed sets
and studied some of their properties. Also we
have provided some of the characterization.

Definition 3.1: An IFS A in an IFTS (X, 1) is
said to be an intuitionistic fuzzy generalized y
closed set (IFGyCS for short) if ycl(A) € U

whenever A € U and U is an IFOS in (X, 7).
The family of all IFGyCSs of an IFTS (X, 1) is
denoted by IFGyC(X).

Example 3.2: Let X = {a, b} and let T = {0~,
G, Gy, 1~} is an IFT on X, where
G| =(x, (0.5,, 0.3y), (0.5,, 0.7,)), G2 = (x, (0.4,
0.2y), (0.6, 0.8,)). Then the IFS
A =(x, (0.4, 0.3p), (0.5, 0.7,)) be an IFS in X.
Then, [FYC(X) = {0, 1., n, € [0,1], pp € [0,1],
v, € [0,1], vy € [0,1] / either 0.3 < up < 0.2
whenever p, > 0.5 (or) p, < 04 and
0 <w+ wvw=1}. We have A © G;. Now

vel(A) = (x, (0.5,, 0.3y), (0.5,, 0.7,) = G| € G;.
Therefore A is an IFGYCS in X.

Theorem 3.3: Every intuitionistic fuzzy closed
set(IFCS in short) in (X, 1) is an IFGyCS in
(X, 1) but not conversely.
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Proof: Let A be an IFCSin X and let A € U
and U be an IFOS in (X,1). As ycl(A) € cl(A)
= A € U. We have ycl(A) € U. Therefore A is
an IFGyCS.

Example 3.4: Let X = {a, b} and let T = {0~,
G, Gy, 1~} is an IFT on X, where
G| = (x, (0.5, 0.3p), (0.5,, 0.7p)) Go= (x, (0.4,
0.2,), (0.6, 0.8,)). Then the IFS
A =(x, (0.4,, 0.3p), (0.5, 0.7y)) is an IFS in X.
Then, [FYC(X) = {0, 1., n, € [0,1], up € [0,1],
v, € [0,1], vy € [0,1] / either 0.3 < up < 0.2
whenever p, > 0.5 (or) p, < 04 and
0 <pu+ vp,=1}. We have A € G;. Now

vel(A) = (x, (0.5,, 0.3p), (0.5,, 0.7,) = G; € G;.
This implies that A is an IFGyCS in X. Now
since cl(A) = G;° # A. Therefore A is not an
IFCS in X.

Theorem 3.5: Every intuitionistic fuzzy
generalized closed set (IFGCS in short) in (X,
1) is an IFGYCS in (X, 1) but not conversely.

Proof: Let A be an IFGCS[9] in X and let A €
U and U be an IFOS in (X,1). As ycl(A) ©
cl(A) € U. We have ycl(A) € U. Therefore A

is an IFGyCS.

Example 3.6: Let X = {a, b} and let T = {0~,
G, G, 1~} is an IFT on X, where
G = (x, (0.5, 0.3p), (0.5,, 0.7p)) Go= (x, (0.4,
0.2y), (0.6,, 0.8,)). Then the IFS
A =(x, (0.4,, 0.3y), (0.5,, 0.7y)) is an IFS in X.
Then, IFyC(X) = {0, 1., p, € [0,1], wy € [0,1],
v, € [0,1], vy € [0,1] / either 0.3 < up < 0.2
whenever p, > 0.5 (or) p, < 04 and
0 <w+w < 1}. We have A © G;. Now
vel(A) = (x, (0.5,, 0.3y), (0.5,, 0.7,) = G; € Gy.
Therefore A is an IFGyYCS in X. Now since
cl(A) = G, & Gy. Therefore A is not an
IFGCS in X.

Theorem 3.7: Every intuitionistic fuzzy
regular closed set(IFRCS in short) in (X, 1) is
an IFGYCS in (X, t) but not conversely.

Proof: Since every IFRCS[9] is an IFCS, by
theorem 3.3 A is an IFGyCS.

Example 3.8: Let X = {a, b} and let T = {0~,
G, Gy, 1~} be an IFT on X, where
G = (x, (0.5, 0.3p), (0.5,, 0.7p)) Go= (x, (0.4,
0.2,), (0.6, 0.8,)). Then the IFS
A =(x,(0.4,, 0.3y), (0.5,, 0.7,)) is an IFS in X.
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Then, [FYC(X) = {0, 1., n, € [0,1], pp € [0,1],
v, € [0,1], vy € [0,1] / either 0.3 < up < 0.2
whenever p, > 0.5 (or) p, < 04 and
0 <wt+ wvw=1}. We have A © G;. Now
vel(A) = (x, (0.5,, 0.3y), (0.5,, 0.7,) = G| € Gy.
This implies that A is an IFGYCS in X. Now
since cl(int(A)) = cl(Gy) = G # A. Therefore
A is not an IFRCS in X.

Theorem 3.9: Every intuitionistic fuzzy semi
closed set(IFSCS in short) in (X, 1) is an
IFGyCS in (X, 1) but not conversely.

Proof: Let A be an IFSCS[5] in X and let A C
U and U be an IFOS in (X, 1). As ycl(A) S
scl(A) =A, by hypothesis A € U. Hence ycl(A)
C U. Therefore A is an IFGyCS.

Example 3.10: Let X = {a, b} and let T = {0~,
G, Gy, 1~} be an IFT on X, where
G = (x, (0.5, 0.3p), (0.5,, 0.7p)) Go= (x, (0.4,
0.2,), (0.6, 0.8,)). Then the IFS
A =(x,(0.4,, 0.3y), (0.5,, 0.7,)) is an IFS in X.
Then, IFyC(X) = {0, 1., n, € [0,1], up € [0,1],
v, € [0,1], vy € [0,1] / either 0.3 < up < 0.2
whenever p, > 0.5 (or) p, < 04 and

0 < pup+ v, =1}. We have A [0 G;. Now

vel(A) = (x, (0.5,, 0.3y), (0.5,, 0.7,) = G; € Gy.
This implies that A is an [FGyCS in X. Now
since int(cl(A)) = int(G;°) = G; € A. Therefore
A is not an IFSCS in X.

Theorem 3.11: Every intuitionistic fuzzy o
closed set(IFaCS in short) in (X, 1) is an
IFGyCS in (X, 1) but not conversely.

Proof: Let A be an [FaCS[5] in X and let A []
U and U be an IFOS in (X, t). Since
vel(A) O acl(A) = A by hypothesis ycl(A) O
U. Therefore A is an IFGyCS.

Example 3.12: Let X = {a, b} and let T = {0~,
G, Gy, 1~} be an IFT on X, where
G = (x, (0.5, 0.3p), (0.5,, 0.7,)) G2= (x, (0.4,
0.2,), (0.6, 0.8,). Then the IFS
A = (x, (0.4,, 0.3p), (0.5,, 0.7p)) is an IFS in X.
Then, IFyC(X) = {0., 1., u, € [0,1], wy € [0,1],
v, € [0,1], vy € [0,1] / either 0.3 < pp, < 0.2
whenever p, > 0.5 (or) p, < 04 and
0 <+ v =1}. We have A [1 G;. Now
vel(A) = (x, (0.5,, 0.3p), (0.5,, 0.7,) = G; € G;.
This implies that A is an IFGYCS in X. Now
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since cl(int(cl(A))) = cl(int(G;%)) = cl(G)) =
G,°Z A, Aisnotan IFaCS in X.

Theorem 3.13: Every intuitionistic fuzzy pre
closed set(IFPCS in short) in (X, 1) is an
IFGyCS in (X, 1) but not conversely.

Proof: Let A be an IFPCS[5] in X and let A [0
U and U be an IFOS in (X, 1). As
vel(A) O pel(A) = A by hypothesis, ycl(A) [
U. Therefore A is an IFGyCS.

Example 3.14: Let X={a, b} and let t = {0~,
G, Gy, 1~} be an IFT on X, where
G| =(x, (0.5,, 0.3y), (0.5,, 0.7,)), G2 = (x, (0.4,
0.2,), (0.6,, 0.8,)). Then the IFS
A = (x, (0.4,, 0.3p), (0.5, 0.7)) is an IFS in X.
Then, [FYC(X) = {0, 1., n, € [0,1], pp € [0,1],
v, € [0,1], vy € [0,1] / either 0.3 < up < 0.2
whenever p, > 0.5 (or) p, < 04 and
0 < u+ v =1}. We have A [1 G;. Now
vel(A) = (x, (0.5,, 0.3y), (0.5,, 0.7,) = G; € Gy.
This implies that A is an IFGYCS in X. Now
since cl(int(A)) = cl(Gy) = G, € A, A is not
an IFPCS in X.

Theorem 3.15: Every intuitionistic fuzzy y
closed set(IFyCS in short) in (X, t) is an
IFGyCS in (X, 1) but not conversely.

Proof: Let A be an IFyCS in X. Then
ycl(A) = A[6]. Let A € U and U be an IFOS in
(X, 1). By hypothesis ycl(A) € U. Therefore A
is an IFGYCS.

Example 3.16: Let X={a, b} and let t = {0~,
G, Gy, 1~} be an IFT on X, where
G =(x, (0.5,, 0.3p), (0.5,, 0.7)), Go= (%, (0.4,
0.2,), (0.6, 0.8,)). Then the IFS
A =(x, (0.4,, 0.3p), (0.5, 0.7y)) is an IFS in X.
Then, [FYC(X) = {0, 1., n, € [0,1], up € [0,1],
v, € [0,1], vy € [0,1] / either 0.3 < up < 0.2
whenever p, > 0.5 (or) p, < 0.4 and
0 < p,+ vp=1}. We have A € G;. Now

vel(A) = (x, (0.5,, 0.3y), (0.5,, 0.7,) = G; € Gy.
This implies that A is an [FGyCS in X. Now
since cl(int(A)) N int(cl(A)) = cl(Gy) N
int(G,) = G;"N G, =G; £ A, A is not an
IFyCS in X.

In the following diagram, we have provided
relation between various types of intuitionistic
fuzzy closedness.
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IFaCS
IFGCS
IFRCS_’IFC§ —»IFSCS —»IFGyCS

IFPCS

N

IFyCS

The reverse implications are not true in
general in the above diagram.

Remark 3.17: The union of any two IFGyCSs
is not an IFGyCS in general as seen in
following example.

Example 3.18: Let X = {a, b} and let T = {0~,
G, Gy, 1~} be an IFT on X, where
G1 = (X, (0.63, O.gb), (0.43, 02b)>: G2 = (X,
(0.5,, 0.5,), (0.4,, 0.4,)). Then the IFSs
A = (x, (0.5, 0.4,), (0.4,, 0.5,)), B = (x, (0.4,,
0.6p), (0.5,, 0.2y)) are IFGyCSs in (X, 7). We
have IFyC(X) = {0~, 1~, u, € [0,1], uy € [0,1],
v, € [0,1], v € [0,1] / p, < 0.5 whenever
W = 0.5, wp < 0.5 whenever p, = 0.5 and
0<p,+v,<1,and O < p, + vy <1}. Now
vcl(A)=A. We have A € G;and A € G,. We
have ycl(A) =A. Therefore ycl(A) S Gy,
whenever A € G and ycl(A) © G,, whenever
A € G,, where G| and G, are IFOS in X. This
implies A is an IFGyCS in X. We have B € G,
since ycl(B) = B. Therefore ycl(B) € G;.
Hence B is an IFGYCS in X. Now A u B =(x,
(0.5,, 0.6p), (0.4,, 0.2,)) [1 Gy but ycl(A v B) =
I~ G,.

Remark 3.19: The intersection of two
IFGyCSs is not an IFGyCS in general as seen
in the following example.

Examle 3.20: Let X = {a, b} and let 1 = {0~,
G, Gy, 1~} be an IFT on X, where
G = (x, (0.5, 0.7y), (0.5, 0.3p)), Gy = (x,
(0.5, 0.6,) , (0.5, 0.4y)). Then the IFSs
A = (x, (0.5, 0.9,), (0.5, 0.1,)), B =(x, (0.5,,
0.7y), (0.4,, 0.3p)) are IFGYCSs in (X, t) but
A N B is not an IFGYCS in (X, 7).
IFyC(X) = {0~ 1~ p. € [0,1], wy € [0,1],
v, € [0,1], v € [0,1] / pa < 0.5 whenever
up = 0.6, y, < 0.6 whenever g, = 0.5 and
0<p, +v,<land O0<p,+v,<1}. Now A
C l~and ycl(A) = 1~ € 1~, which implies A is
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an IFGyCS in X. We have B € 1~ and ycl(B)
= 1~ € 1~. Therefore B is an IFGyCS in X.
Now A N B = (x, (0.5,, 0.7,), (0.5,, 0.3p)) [J
G] but 'YCI(A N B) =1~ g G].

Theorem 3.21: Let (X, 1) be an IFTS. Then
for every A € IFGyC(X) and for every
B e IFS(X), A [1 B [ ycl(A) = B € IFGYC(X).

Proof: Let B [ U and U be an IFOS. Then
since A [ B, A 0 U, by hypothesis B [
vcl(A). Therefore vycl(B) [ yel(ycl(A)) =
vel(A) 0 U, since A is an IFGyCS. Hence B ¢
IFGyC(X).

Theorem 3.22: An IFS A of an IFTS (X, 1) is
an IFGYCS if and only if A;°F = ycl(A), ° F
for every IFCS F of X.

Proof: Necessity: Let F be an IFCS and A °
F, then A [ F° [8], where F° is an IFOS. Then
ycl(A) [0 F® , by hypothesis. Hence by
definition, ycl(A), © F.

Sufficiency: Let U be an IFOS such that A [J
U. Then U is an IFCS and A [1 (U°°. By
hypothesis, Ay © U = ycl(A), © U°. Hence
vel(A) 1 (U%)° = U. Therefore ycl(A) [ U.
Hence A is an IFGyCS.

Theorem 3.23: If A is an IFOS and an
IFGYCS in (X, 1) then A is an IFyCS in (X, 1).

Proof: Since A (1 A and A is an [FOS, by
hypothesis ycl(A) 7 A. But A [ ycl(A).
Therefore ycl(A) = A. Hence A is an IFyCS in
(X, 1).

Theorem 3.24: Let F (1 A [ X where A is an
IFOS and an IFGYCS in X. Then F is an
IFGYCS in A if and only if F is an IFGyYCS in
X.

Proof: Necessity: Let U be an IFOS in X and
F [0 U. Also let F be an IFGyCS in A. Then
clearly F (1 AN Uand A N Uisan IFOS in A.
Hence gamma closure of F in A, yclo(F) 0 A
N U and by Theorem 3.23, A is an IFyCS.
Therefore ycl(A) = A. Now gamma closure of
F in X, ycl(F) O ycl(F) N ycl(A) = ycl(F) N A
=vycla(F) O A N U O U. That is ycl(F) O U,
whenever F [J U. Hence F is an IFGyCS in X.

Sufficiency: Let V be an IFOS in A. Such that
F [0 V. Since A is an IFOS in X, V is an IFOS
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in X. Therefore ycl(F) O V. Since F is an
IFGYCS in X. Thus, yclo(F) = ycl(F) N A [J
VN A [0V.HenceF is an IFGyCS in A.

Theorem 3.25: An IFS A which is both an
IFOS and an IFGYCS then A is an [FROS.

Proof: Let A be an IFOS and an IFGyCS.
Then ycl(A) [ A and int(cl(A)) N cl(int(A)) [
A by result 2.6. Since A is an [FOS, int(A) =A.
Therefore int(cl(A)) N cl(A) O A
= in(cl(A)) [J A. Since A is an IFOS, it is an
IFPOS. Hence A [ int(cl(A)). Therefore
A =int(cl(A)). Hence A is an IFROS]8].

Theorem 3.26: For an IFOS A in (X,1), the
following conditions are equivalent.

(1) A is an IFCS

(i1) A is an IFGyCS and an IFQ-
set

Proof: (i) = (ii) Since A is an IFCS, it is an
IFGyCS by Theorem 3.3. Now int(cl(A)) =
int(A) = A = cl(A) = cl(int(A)), by hypothesis.
Hence A is an IFQ-set[7].

(i1) = (i) Since A is an [FOS and an IFGyCS,
by Theorem 3.25, A is an IFROS. Therefore
A = int(cl(A)) = cl(int(A)) = cl(A), by
hypothesis. Hence A is an IFCS.

Theorem 3.27: Let A be an IFGYCS in (X,1)
and p(p) be an intuitionistic fuzzy point [S](IFP
in short) in X such that pp q Ycl(A), then
cl(pap) g A-

Proof: Let A be an IFGYCS and let pggp) 4
vel(A). If cl(pep) o A, then A T [cl(pp)]° [5]
where [cl(pwp)]° is an IFOS. By hypothesis,
vel(A) 1 [el(pap)]® [ (Pp)”. This implies
that pp) 4 YCl(A), which is a contradiction to
the hypothesis. Hence cl(p(,p)) q A.
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