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In this paper we investigate parity combination cordial labeling for some graphs obtained by

duplication of graph elements and also we drive some results forK ) n.and K -
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1.Introduction
All graph in this paper are finite, simple, undirected graph ¢ = (V, E), With the vertex set VV
and the edge set E If the vertices of the graph are assigned values subject to certain conditions
then it is known as graph labeling. Throughout this work K - denotes the bipartite graph in
which M = {ul, uz} and N = {vl, Vo oo vn} are two partite sets of K 2 such that each edge
has one end in M and the other end in N, K in denotes the bipartite graph in which M = {vo}
and N = {v p Uy oo vn} are two partite sets of K in such that each edge has one end in M and

the other end in N, C N denotes the cycle with n vertices and Pn denotes the path on n vertices.

The notion of parity combination cordial labeling was introduced by R. Ponraj, S. Narayanan
and Ramasamy [9].In this paper we investigate parity combination cordial labelings for a

duplication of graph elements in K ) n.and K .

Definition 1.1: let G be a (p, q) graph. Let f be an injective map from V(G)V(G) to
{1, 2, 3,..., P}. For each edge xy, assign the label % or -xL accordingas x > yory > x, f is

called a parity combination cordial labeling (PCClabeling) if f is a one to one map and
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|ef(0) - ef(1)| < 1, where ef(O) and ef(l) denote the number of edges labeled with an

even number and odd number respectively. A graph with a parity combination cordial

labeling is called a parity combination cordial graph (PCC- graph).

Definition 1.2: Duplication of a vertex v of graph G produces a new graph G' by adding a
new vertex v' such that N(v') = N(v). In other words a vertex v' is said to be duplication of

v if all the vertices which are adjacent to v in G are also adjacent to v' in G'.

Definition 1.3: Duplication of a vertex v, by anew edgee = v' kv" . in a graph G produced a
new graph G' such that N(v'k) = {vk, v"k}and N(v"k) = {vk, v'k}.

Definition 1.4: Duplication of edge e = uv by a new vertex w in a graph G produces a new

graph G' such that N(w) = {u, v}.

Definition 1.5: Duplication of an edge e = uv of a graph G produces a new graph G' by
adding an edge e' = u'v' such thatN(u") = N(u) U {v'} — {v} and
N@) = N@) U {u} - {u}.

2. Main results

Duplication of graph elements in K on

Throughout this work K on denotes the bipartite graph in which M = {ul, u } and

2

N = {v p Uy oo vn} are two partite sets of K on such that each edge has one end in M and the

other end in N.

Theorem 2.1 The graph obtained by duplication of a vertex from N in K - is a parity

combination cordial graph where n #Z 0(mod 4).
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Proof The result is obvious for n = 1 as when we duplicate v, the resulting graph will be a
cycle C v which is a parity combination cordial graph. .
Letu p Uy Vo Uy Vo U be the consecutive vertices of K n and G be the graph obtained
by duplication of the vertex v, by a vertex v'}, . Then G is a graph with n + 3 vertices and
2(n + 1) edge.
V@) =n+ 3 |EG)|=2(n+ 1)

Then define f: V(G) = {1, 2, 3,..,n + 3} as follow

flu) =1

fu) =2

f(vj) =j+2;,vVj=12,.,n
f (v'j) =n+3

Then we get |ef(0) - ef(1)| = 0.

Hence, G is a PCC-graph.

Ilustration: A parity combination cordial labeling of the graph obtained by duplication of a

vertex from N in K )5 is shown in Figure .

3 1 5 6 7 8

Figure 2.1: A PCC-labeling of the graph obtained by duplication of a vertex from N in K ’s

Theorem 2.2 The graph obtained by duplication of a vertex by an edge from M in K on isa

parity combination cordial graph.
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Proof : Let G be a graph obtained by duplication of one of the vertices from M in K n by an
edge e = u'lu" L Without loss of generality we duplicate u | by an edge e = u'lu"l.Then the

resultant graph G will have n + 4 vertices and 2n + 3 edges.
lV(@)|=n+ 4; |[E(G)|=2n + 3
We have the following cases
Case (i): Forn = 1,5
We define f: V(G) — {1, 2, 3,..,n + 4} as follows
f) = 1;
fau) = 3;
fw) =2
f(vj) =j+2;,Vj=23,..,n
fw)=n+3;
f(u"l) =n+ 4
Then we get |ef(0) - ef(1)| =1
Hence, G is a PCC-graph.
Case (ii): Forn # 1,5
We define f: V(G) = {1, 2, 3,..,n + 4} as follows
fau) = 1;
flu) =2
f(vj) =j+2;,Vj=123,.,n
fa') =n+3;
f(u"l) =n+ 4
Then we get |ef(0) - ef(1)| =1

Hence, G is a PCC-graph.

Ilustration. A parity combination cordial labeling of the graph obtained by duplication of a

vertex by an edge e = u' 1u" L from M in K )5 is shown in Figure .
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Figure 2.2: A PCC-labeling of the graph obtained by duplication of a vertex by an from M in

2,5

Illustration. A parity combination cordial labeling of the graph obtained by duplication of a

vertex by an edge e = u'lu"]L from M in K 04 is shown in Figure

7 =

3 4 5 (S

Figure 2.3: A PCC-labeling of the graph obtained by duplication of a vertex by an edge from
Min K
2,4

Theorem 2.3 The graph obtained by duplication of a vertex by an edge from N in K on isa

parity combination cordial graph.

Proof : Let G be a graph obtained by duplication of one of the vertices from N in K . by an
edge e = u'lu"1 . Without loss of generality we duplicate v, by an edge e = v' 117"1.Then the

resultant graph G will have n + 4 vertices and 2n + 3 edge.
[V(G)|=n+ 4 |EG)|=2n + 3
We have the following cases :

Case (i): Forn + 2 # 1(mod 4)
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We define f: V(G) = {1, 2, 3,..,n + 4} as follows

f) = 1;
fu) =2
fw) = 3;

fw) =)+ 4 Vj=23.n
fo) = 4
fw) =5

Then we get |ef(0) - ef(1)| =1

Hence, G is a PCC-graph.

Case (ii): Forn + 2 = 1(mod 4)

We define f: V(G) = {1, 2, 3,..,n + 4} as follows

fw) =1
fw) =2,
fv,) = 6;

f@)=j+2j=12%
f)=j+4 )24
f@) =5;
fr) =7
Then we get |e (0) —e f(1)| =1

Hence, G is a PCC-graph.

Ilustration. A parity combination cordial labeling of the graph obtained by duplication of a

vertex by an edge e = u'lu"l from N in K 53 is shown in Figure .
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5 7

Figure 2.4: A PCC-labeling of the graph obtained by duplication of a vertex by an edge

from N in K2'3

Ilustration. A parity combination cordial labeling of the graph obtained by duplication of a

vertex by an edge e = u'lu"1 from N in K, 5 is shown in Figure .

1 2

Figure 2.5: A PCC-labeling of the graph obtained by duplication of a vertex by an edge from
NinK 25

Theorem 2.4. The graph obtained by duplication of an edge by a vertex in K - 1S a parity

combination cordial graph.

Proof Let G be a graph obtained by duplication of an edge by a vertex. Without loss of

generality we duplicate an edge e = uv, by a vertex w. Then the resultant graph G will have

n + 3 vertices and 2n + 2 edges.
[V(G)|=n+ 3 |E(G)|=2n + 2
Case (i): For n # 0(mod 4)
We define f: V(G) = {1, 2, 3,..,n + 3} as follows
fw) = 1;
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fau) =2
fw) =3
fw) = 4

f(vj)=j+3;2£j£n
Then we get |ef(0) - ef(1)| =0

Hence, G is a PCC-graph.

Case (ii): Forn = 0(mod 4)
We define f: V(G) = {1, 2, 3,..,n + 3} as follows

fu) =1
fu) =2;
fw) =3,

f(vj)=j+3;1£j£n
Then we get |ef(0) - ef(1)| =0

Hence, G is a PCC-graph.

Hlustration. A parity combination cordial labeling of the graph obtained by duplication of

an edge by a vertex in K . is shown in Figure .

Figure 2.6: A PCC-labeling of the graph obtained by duplication of an edge by a vertex in

K
2,5
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Ilustration. A parity combination cordial labeling of the graph obtained by duplication of

an edge by a vertex in K - is shown in Figure .

W

4 5 6 7
Figure 2.7: A PCC-labeling of the graph obtained by duplication of an edge by a vertex in

K_ .
24

Duplication of graph elements in K in

Throughout this work K in denotes the bipartite graph in which M = {u 0} and

N = {v p Voo vn}are two partite sets of K i such that each edge has one end in M and the

other end in N.

Theorem 3.1: The graph obtained by duplication of a vertex in K in is a parity combination

cordial graph where n# 0(mod 4).
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Proof Let v, be the apex vertex and V., VU,V are pendant vertices of K . Let G denote
the graph obtained by duplication of any vertex v, by a vertex v']_ in K n
Depending upon the deg (vj) inK o

We have the following two cases.
Case (i): Duplication of apex vertex.

The graph obtain by duplication of apex vertex v 0 inK i which is the complete bipartite
graph K - Hence it is a parity combination cordial graph for n# 0(mod 4) as proved in

theorem 2.1
Case (2): Duplication of pendant vertex.

The graph obtained by duplication of any pendant vertex in K " which is again a star graph

K L1’ Hence it is a parity combination cordial graph.

Theorem 3.2: The graph obtained by duplication of an edge in K in is a parity combination

cordial graph.

Proof Let G be a graph obtained by duplication of the edge e = v oV by a new edge
e = v'Ov'n in Kl,n

Hence in G, deg(vo) =n, deg(v'o) = n,deg(vn) = 1,deg(v'n) = land

deg(vl_) =2Vie{l,2,.,n— 1}

Then the resultant graph G will have n + 3 vertices and 2n edges.
lV(@)|=n+ 3; |[E(G)|]=n+ 3

We consider the following cases:
Case (i) : Forn # 0(mod 4)
We define f: V(G) = {1, 2, 3,..,n + 3} as follows

f(v,) = 1;
flv,)= 3
f (V'O) = 2;
)=+
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f(vj)zj+4;2§j£n—1
Then we get |ef(0) - ef(1)| =0

Hence, G is a PCC-graph.

Case (ii) : Forn = 0(mod 4)
We define f: V(G) = {1, 2, 3,..,n + 3} as follows

fz)=3:
f(v',) = 2
)= 7

f(vj)zj +3;j=1,23;
f(vj)=j+4;4San—1
Then we get |ef(0) - ef(1)| =0

Hence, G is a PCC-graph.

Ilustration. A parity combination cordial labeling of the graph obtained by duplication of

an edge in K is is shown in Figure .

Figure 3.1: A PCC-labeling of the graph obtained by duplication of an edge in K L5

Ilustration. A parity combination cordial labeling of the graph obtained by duplication of

an edge in K . is shown in Figure .
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Figure 3.2: A PCC-labeling of the graph obtained by duplication of an edge in K .

Theorem 3.3 The graph obtained by duplication of a vertex by an edge K in is a parity

combination cordial graph.

Proof Let G be a graph obtained by duplication of a vertex v, by an edge e = v'jv"j in K

1,n
then the resultant graph G will have n + 3 vertices and n + 3 edges.

lV(@)|=n+ 3; |[E(G)|]=n+ 3
We consider the following cases.

Case (i) : Duplication of apex vertex v, by an edge v'ov"o .

We define f: V(G) - {1, 2, 3,..,n + 3} as follows.

fvy)= &
f(v,) =2
f(v") = 3;

f(vj)=j+3;1San
Then we get |ef(0) - ef(1)| = 0 when n is odd and |ef(0) — ef(1)| = 1 when nis even

Hence, G is a PCC-graph.

Case (ii) : Duplication of pendant vertex v, by an edge v'jv"j.
Without loss of generality we assume that v, =V,

We define f: V(G) = {1, 2, 3,..,n + 3} as follows:
f(vy)= 1
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f v'1) =2
)=
f(vj)=j+3;2§j§n

Then we get |ef(0) - ef(1)| = 0 when n is odd and |ef(0) — ef(1)| = 1 when n is even
Hence, G is a PCC-graph.

Hlustration. A parity combination cordial labeling of the graph obtained by duplication of

aapex vertex v, by an edge v'ov”o in K is is shown in Figure .

Figure 3.3: A PCC-labeling of the graph obtained by duplication of aapex vertex v, in K is

Ilustration. A parity combination cordial labeling of the graph obtained by duplication of

pendant vertex v, by an edge v'lv"7in K i is shown in Figure .
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Figure 3.4: A PCC-labeling of the graph obtained by duplication of aapex vertex v L in K 1

Theorem 3.4. The graph obtained by duplication of an edge by a vertex in K in 1s a prime

graph.

Proof Let G be a graph obtained by duplication of the edge v oYy by a vertex v' L

Now the resultant graph G will have n + 2 vertices and n + 2 edges.
We define f:V(G) - {1, 2, 3,..,n + 2} as follows.

fv,) = 1:
flv,) =3
flv)=2

f(vj)=j+2;ZSan
Then we get |ef(0) - ef(1)| = 1 when n is odd and |ef(0) - ef(1)| = 0 when n is even

Hence, G is a PCC-graph.

Ilustration: A parity combination cordial labeling of the graph obtained by duplication of

an edge by a vertex in K L6 is shown in Figure .
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Figure 3.5: A PCC-labeling of the graph obtained by duplication of an edge by a vertex in

K
16

Theorem 3.5: Graph obtained by duplication of each vertex by an edge in star K in is a parity

combination cordial graph.

Proof: Let v 0 be the apex vertex and v pVp Vg U be the consecutive pendant vertices of
K L let G be the graph obtained by duplicating each of the vertices v, inK i by an edge
v'jv"jforj = 0,1, 2,3,..,n. Then G is a graph with 3n + 1 vertices and 4n edges.

V(@) = 3n + 1; [E(G)] = 4n

Define an injective map f:V(G) - {1, 2, 3,..,3n + 1}as

fw) = 1;
fw) =2
f@') =3

f(vj):3j+1;1<j<n

fW)=3j+2; 1<j<n

f(v"j)=3j+3; 1<j<n

Here ef(O) = 2n; n = 0(mod 4)
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and ef(O) = 2n — 1 ;otherwise

Here ef(l) =2n — 1; n = 0(mod 4)

and ef(O) = 2n;otherwise
Then we get |ef(0) - ef(1)| = 1.

As the labeling defined above satisfies the conditions of parity combination cordial labeling
and the graph under consideration is parity combination cordial graph in both cases.

Hence, G is a parity combination cordial graph.

Theorem 3.6: Graph obtained by duplication of each edge by a vertex in star K in is a parity

combination cordial graph.

Proof: Let v, be the apex vertex and VoV, Vg V) be the consecutive pendant vertices of

K, . let G be the graph obtained by duplication of each of the edges v, in K in by a vertex
: j :

v'j. Then G is a graph with 2n + 1 vertices and 3n edges.
V(G)] = 2n + 1; |[E(G)| = 3n
Define an injective map f:V(G) - {1, 2,3,..,2n + 1} as

fw,) =3
fw) = 1;
fw,) =2

flv)=12j; 2<j<n
f(vzj_l) =2j+1; 2<j<n
Then we get |ef(0) - ef(1)| = 0ifnis odd and |ef(0) - ef(1)| = 1ifnis even.
As the labeling defined above satisfies the conditions of parity combination cordial labeling
and the graph under consideration is parity combination cordial graph in both cases.

Hence, G is a parity combination cordial graph.
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Conclusion

Here we investigate parity combination cordial labelling for some graph obtained by

duplication of graph elements on K ) n.and K, .
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