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Abstract: 

With the help of mathematical modelling a system of ODE’s involving sickle cell, HIV and T-

cells are formulated. Using characteristic equation, the eigen values are obtained to test for the 

steady state solution. Finally, simulations were carried out to provide the real-life answers. 
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1. Introduction: 

Most times when real life situation is modeled and analyzed, it usually leads to ordinary 

differential equation [1]. The spread of HIV is also associated strongly with the spatial 

distribution of high risk groups. The distribution of AIDS cases do not just varies by cities and 

states but also by geographical regions [2]. Though, blood group antigens have been reported 

many times to be associated with many disease condition [3,4,]. Studies have shown that ABO 

blood groups have an impact on immunity to infection in individuals having a particular blood 

group because of its associations observed when investigated [5,6,7,8]. The ABO blood group 

system which was first discovered by Landstemer in 1901 [9-11] is thus, one of the series of 

glycoproteins and glycolipids present on the human red cells which constitute the red cell 

antigen. The Rh was later discovered by Landstemer and Weiner in 1941 [12]. These antigens 

which are genetically controlled are inherited in Mendolian till death [11]. About 700 erythocyte 

antigens have been described and organized into 30 blood transfusion out of which ABO and Rh 
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are the most important [10]. Blood group antigens plays an important role in transfusion safely, 

understanding genetics, inheritance pattern, as well as solving certain medico-legal, issues [13]. 

In this modern age of medicine besides their importance in evolution, their relation to disease 

and environment is increasingly imperative. Some blood groups can act as a receptor and ligand 

for bacteria, parasites and viruses. Pathologically, certain blood groups have been associated 

with diseases. For instance, blood group A individual are known to be more susceptible to 

coronary heart disease (CHD), it also have higher level of low density lipoprotein (LDL) 

compared to other blood groups [14]. In this paper, we consider the Mathematical modelling of 

the effect of HIV/AIDS on sickle cell Genotype. 

2. Mathematical Formulation  

In this section, we would develop a mathematical model to study the dynamic interaction 

between Sickle cells and HIV infected cells with the constant supply of the active T cells from 

the thymus. However, before we delve into the development of the mathematical models, lets us 

consider the compartment diagram showing their relationship. 

 

 

 

 

 

 

Figure 1: Compartment diagram showing the relationship between Sickle cell and HIV infected cell with constant flux of T cells 
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In view of the compartment diagram as shown above, we consider the following assumptions:  

1. There is constant supply of T cells from the thymus to keep the immune system afloat  

2. The thymus only strengthen the Sickle cells  

3. The interaction between Sickle cell with infected HIV cell leads to the death of Sickle 

cell 

2.1  Definition of Terms:  

We may define the parameters that are involved in the compartment diagram (See Fig 1), they 

are as follows:  

φ = T cells influx from the thymus  

S = Sickle cell population 

 H = HIV infected cell population  

µ = Death rate of T cells  

Using the compartment model in Fig 1 with the above assumptions, we have the following 

models for T cells, Sickle cells and HIV infected cells respectively as: 

1
dT T TH
dt

φ µ α= − −
       (1.1)  

2
dS S HS
dt

µ α= − −
       (1.2) 
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1 2
dT H TH HS
dt

µ α α= − + −
      (1.3) 

 

2.2  Determination of Steady State Solutions:  

Here, we determine the steady state solutions of equations (1.1) – (1.3). At steady state:  

𝑑𝑆𝑆
𝑑𝑡

,
𝑑𝑆𝑆
𝑑𝑡

 𝑎𝑛𝑑 
𝑑𝐻𝐻
𝑑𝑡

= 0                                                               (1.4) 

Considering equation (1.4) on equations (1.1) – (1.3), we have the following representations: 

𝜙 − 𝜇𝜇𝑆𝑆0 − 𝛼𝛼1𝑆𝑆0𝐻𝐻0 = 0     (1.5) 

−𝜇𝜇𝑆𝑆0 + 𝛼𝛼2𝐻𝐻0𝑆𝑆0 = 0      (1.6) 

−𝜇𝜇𝐻𝐻0 + 𝛼𝛼1𝑆𝑆0𝐻𝐻0 − 𝛼𝛼2𝐻𝐻0𝑆𝑆0 = 0    (1.7) 

But at the steady state solutions,  T→𝑆𝑆0, S→𝑆𝑆0, H→ 𝐻𝐻0, then equations (1.5) – (1.7) can be 

transform as follows: 

𝜙 − 𝜇𝜇𝑆𝑆0 − 𝛼𝛼1𝑆𝑆0𝐻𝐻0 = 0     (1.8) 

−𝜇𝜇𝑆𝑆0 + 𝛼𝛼2𝐻𝐻0𝑆𝑆0 = 0      (1.9) 

−𝜇𝜇𝐻𝐻0 + 𝛼𝛼1𝑆𝑆0𝐻𝐻0 − 𝛼𝛼2𝐻𝐻0𝑆𝑆0 = 0    (1.10) 

 Equations (1.8) – (1.10) for the trivial steady state solutions, we obtain the following: 

𝑆𝑆0(−𝛼𝛼1 − 𝛼𝛼2𝐻𝐻0) = 0      (1.11) 

Such that 𝑆𝑆0 = 0, (−𝛼𝛼1 − 𝛼𝛼2𝐻𝐻0) ≠ 0 similarly 



International Journal of Scientific Engineering and Applied Science (IJSEAS) – Volume-6, Issue-6, June 2020 
                              ISSN: 2395-3470 

www.ijseas.com 

96 
 

(−𝜇𝜇 − 𝛼𝛼1𝑆𝑆0)𝐻𝐻0 = 0      (1.12) 

Such that 𝐻𝐻0 = 0, (−𝜇𝜇 − 𝛼𝛼1𝑆𝑆0) ≠ 0    (1.13) 

Substitute the values of 𝑆𝑆0 = 𝐻𝐻0 = 0 into equation (1.7) ,we obtain the following: 

𝑆𝑆0 = 𝜙
𝜇

        (1.14) 

Thus the trivial steady state solutions are: 

�𝑆𝑆0, 𝑆𝑆0,𝐻𝐻0) = �𝜙
𝜇

, 0,0�     (1.15) 

We can now solve for the non-trivial steady state solution involving Sickle cell and HIV cells by 

letting the steady state solutions, T→𝑆𝑆1, S→𝑆𝑆1, H→ 𝐻𝐻1, then equations (1.8) – (1.10) at steady 

state becomes: 

𝜙 − 𝜇𝜇𝑆𝑆1 − 𝛼𝛼1𝑆𝑆1𝐻𝐻1 = 0       (1.16) 

−𝜇𝜇𝑆𝑆1 + 𝛼𝛼2𝐻𝐻1𝑆𝑆1 = 0        (1.17) 

−𝜇𝜇𝐻𝐻1 + 𝛼𝛼1𝑆𝑆1𝐻𝐻1 − 𝛼𝛼2𝐻𝐻1𝑆𝑆1 = 0      (1.18) 

We solve for the non-trivial steady state solutions in equations (1.16) – (1.18) as:  

From equation (1.17), we have: 

𝑆𝑆1(−𝜇𝜇 + 𝛼𝛼2𝐻𝐻1) = 0 So that 𝑆𝑆1 ≠ 0 similarly 

(−𝜇𝜇 + 𝛼𝛼2𝐻𝐻1) = 0, so that 𝐻𝐻1 = 𝜇
𝛼2

      (1.19) 

In similar vein, from equation (1.10) we could recall as: 

𝑆𝑆1 = 𝜙
(𝜇+𝛼1𝐻1)            (1.20) 
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If we substitute the value of 𝐻𝐻1 = 𝜇
𝛼2

 in (1.14), we have can simplify (1.20) as follows; 

𝑆𝑆1 = 𝜙

�𝜇+𝛼1𝜇𝛼2
�
         (1.21) 

From equation (1.18), we substitute the value of 𝐻𝐻1 and equation (1.21) into equation (1.18) and 

resolve as: 

𝑆𝑆1 =
𝛼1𝜇𝜙�

𝜇2

𝛼2
�

�𝜇+𝛼1𝜇𝛼2
��

𝛼2
2 𝜇
𝛼2

�
        (1.22) 

2.3  Linearization of the System  

In order to obtain different Eigen values to check for the stability of the system, we carryout 

linearization of the system by the letting the functions, 𝐹1,𝐹2,𝐹3, to represent equations (1.1) – 

(1.3) respectively as follows: 

𝐹1 = 𝜙 − 𝜇𝜇𝑆𝑆0 − 𝛼𝛼1𝑆𝑆0𝐻𝐻0 = 0       (1.23) 

𝐹2 = −𝜇𝜇𝑆𝑆0 + 𝛼𝛼2𝐻𝐻0𝑆𝑆0 = 0       (1.24) 

𝐹3 = −𝜇𝜇𝐻𝐻0 + 𝛼𝛼1𝑆𝑆0𝐻𝐻0 − 𝛼𝛼2𝐻𝐻0𝑆𝑆0 = 0     (1.25) 

We differentiate equations (1.11) – (1.13) partially with respect to the cell populations, that is, T, 

H, S, as follows: 

0 0 0

0 0 0

0 0 0

1
11 1 0

( , , )

1
12

( , , )

1
13 1 0

( , , )

0

T S H

T S H

T S H

FJ H
T

FJ
S

FJ T
H

µ α

α

∂
= = − −
∂

∂
= =
∂

∂
= =
∂       (1.26) 
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0 0 0

0 0 0

0 0 0

2
21

( , , )

2
22 2 0

( , , )

2
23 2 0

( , , )

0
T S H

T S H

T S H

FJ
T

FJ H
S

FJ S
H

µ α

α

∂
= =
∂

∂
= = − +
∂

∂
= =
∂       (1.27) 

0 0 0

0 0 0

0 0 0

3
31 1 0

( , , )

3
32 2 0

( , , )

3
33 1 0 2 0

( , , )

T S H

T S H

T S H

FJ H
T

FJ H
S

FJ T S
H

α

α

µ α α

∂
= =
∂

∂
= = −
∂

∂
= = − + −
∂       (1.28) 

We can formulate a Jacobian Matrix using equations (1.26) – (1.28) as follows: 

�
𝐽11 𝐽12 𝐽13
𝐽21 𝐽22 𝐽23
𝐽31 𝐽32 𝐽33

�         (1.29) 

We can substitute the trivial steady state solutions into equation (1.29) we have: 

1 0 1 0

2 0 2 0

1 0 2 0 1 0 2 0

( ) 0
0 ( )

( )

H T
H S

H H T S

µ α α
µ α α

α α µ α α

− − 
 − + 
 − − + −      (1.30) 

In the same vein, we can now do the linearization for the non-trivial steady state solutions as 

follows: 
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0 0 0

0 0 0

0 0 0

1
11 1 1

( , , )

1
12

( , , )

1
13 1 1

( , , )

0

T S H

T S H

T S H

FJ H
T

FJ
S

FJ T
H

µ α

α

∂
= = − −
∂

∂
= =
∂

∂
= =
∂       (1.31) 

0 0 0

0 0 0

0 0 0

2
21

( , , )

2
22 2 1

( , , )

2
23 1 1

( , , )

0
T S H

T S H

T S H

FJ
T

FJ H
S

FJ S
H

µ α

α

∂
= =
∂

∂
= = − +
∂

∂
= =
∂      (1.32) 

0 0 0

0 0 0

0 0 0

3
31 1 1

( , , )

3
32 2 1

( , , )

3
33 1 1 2 1

( , , )

T S H

T S H

T S H

FJ H
T

FJ H
S

FJ T S
H

α

α

µ α α

∂
= =
∂

∂
= = −
∂

∂
= = − + −
∂      (1.33) 

We can formulate a Jacobian Matrix using equations (1.31) – (1.33) as follows: 

�
𝐽11 𝐽12 𝐽13
𝐽21 𝐽22 𝐽23
𝐽31 𝐽32 𝐽33

�        (1.34) 

We can substitute the trivial steady state solutions into equation (1.34) we have: 

1 1 1 1

2 1 2 1

1 1 2 1 1 1 2 1

( ) 0
0 ( )

( )

H T
H S

H H T S

µ α α
µ α α

α α µ α α

− − 
 − + 
 − − + −     (1.35) 



International Journal of Scientific Engineering and Applied Science (IJSEAS) – Volume-6, Issue-6, June 2020 
                              ISSN: 2395-3470 

www.ijseas.com 

100 
 

2.4  Characteristics Equations 

 We formulate the characteristics equation so as to obtain the different Eigen values for the trivial 

steady state and non-trivial steady state solutions as follows 

1 0 1 0

2 0 2 0

1 0 2 0 1 0 2 0

( ) 0 0 0
0 ( ) 0 0 0

( ) 0 0

H T
J I H S

H H T S

µ α α λ
λ µ α α λ

α α µ α α λ

− −   
   − = − + − =   
   − − + −      (1.36) 

And that of non-trivial steady state solutions as:       

1 1 1 1

2 1 2 1

1 1 2 1 1 1 2 1

( ) 0 0 0
0 ( ) 0 0 0

( ) 0 0

H T
J I H S

H H T S

µ α α λ
λ µ α α λ

α α µ α α λ

− −   
   − = − + − =   
   − − + −      (1.37) 

Where   I = 

1 0 0
0 1 0
0 0 1

 
 
 
 
   

We can now insert the value of TR0R, SR0R, HR0R in (1.36), we have; 

10

0 0

0 0

φµ λ α
µ

µ λ
φµ λ
µ

 − − 
 

− − 
 
 − + − 
          (1.38) 

We obtain the Eigen values for the trivial steady state as; 
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1

2

3

λ µ
λ µ

φλ µ
µ


= −
= − 

= − +
            (1.39) 

We can now insert the value of TR0R, SR0R, HR0R in (1.37), we have; 

1 1

2 1

2

2

2 1
22

2
2 1 2

2 2

2

2 1
21 2 1

2
2 2 1 1 2

2 2 2

0

0

α µ α φµ λ
α α µµ

α

µα α µφ
αα µµ λ

α α µ α µµ
α α

µα α µφ
αα µ α µ α φµ λ

α α α µ α µ α µµ µ
α α α

 
 
 − − −  

− +  
  
      − − − 

   − +      
  

  
  − − + − −

     
− + − +     
          (1.40) 

We obtain the Eigen values for the non trivial steady state as 

1
1

2

2
2

2

2

2 1
21

3 2
1 1 2

2 2 2

α µλ µ
α
α µλ µ
α

µα α µφ
αα φλ µ

α µ α µ α µµ µ
α α α





= − −

= − − 

   
 = − + −     − + − +              (1.41) 
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3 Result  

 
 

Figure 2: trivial steady state models. The disease-free model showing the infection rate of the Virus with respect to 
time after ten days. 

The disease-free model shows no growth of virus infection giving a steady rate with respect to 

time as shown in figure 1. This shows that at the trivial steady state model is steady. 

        

Figure 3: non trivial steady state model. The model showing the infection rate of the virus with respect to time after 
ten days and after a thousand days of viral infection, 
 

From figure 2, we observe that there is an exponential rate of infection increase but also shows 

that the model is stable after a period of time. It shows stability and then rapid growth, going 

back to being stable. This shows that at the initial point of infection there is a sufficient attempt 

to clear the virus from the blood by the T cells. 
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Figure 4: Non trivial steady state model. The model showing the infection rate of the virus with respect to time after 
ten days and after a thousand days of viral infection after increase in production of CD4+ T cells and rate of cell 
infection 
 
After increasing the number of productions of CD4+ T cells there was a linear growth of viral 

load before the steady state. This shows that the non-trivial steady state model is steady. 

The non-trivial steady state shows rapid increase in virus infection rate with respect to time. The 

growth of the virus since the values of the viral load increased drastically, it would seem portion 

of the virus is produced each day. There is an explanation for the high viral loads in the presence 

of CD4+ T cells count. The inability of the body to efficiently clear the infection. Thus, it is 

reasonable to hypothesize that as HIV infection progress to AIDS, the immune system loses the 

ability to clear virus effectively, resulting to a long residue time for the virus population 
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4. DISCUSSION  

The more supply of CD4+ T cells to the blood steam causes the increase in infection due to the 

inability of the T cells to clear the virus, therefore being infected by the virus and increasing the 

multiplication of the viral load. Another explanation is that there are other viral reservoirs that 

become larger and larger or more active as the T cells are lost to the virus infection progressing 

to AIDS. 

Research indicates that early in infection, CD4þ T cells account for more than 90% of the 

productively infected cells in the body (Haase, 1999). If CD4þ T cells remain the main source of 

virus throughout the course of infection, then the relationship between the immune system and 

the virus must change. It is possible that an HIV weakened immune system may lose the ability 

to clear virus efficiently, as it does with many types of pathogens (Hansen et al., 1985; Barr, 

1992; Matsuo et al., 2001). Though some studies suggest that clearance rates do not change 

throughout infection (Ho et al., 1995), there is a significant amount of variation in the 

measurements derived from different studies (Ho et al., 1995; Mittler et al., 1999; Ramratnam et 

al., 1999). 

5. CONCLUSION 

There is no significant relationship between the genotype of a patient and the growth of the HIV. 

The more production of CD4+ T cells the more effective the virus becomes and the more the 

patient becomes more susceptible to the infection. 
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