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Abstract: Aztech Diamond graph of order n is a dual graph to the Aztech Diamond of order n in
which the vertices are the squares and and edge is formed between two vertices if and only if the
corresponding squares are adjacent. In this article we investigate the Aztech diamond graphs in the
light of labelling and derived upper bounds for odd and relaxed even graceful Aztech diamond
chain graphs that are a result of merging vertices and edges.
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1 Introduction

Graph labeling is one of the fastest developing areas of research. Graph labeling is a function
defined on the vertex set or edge set subject to certain conditions enforced on the number of
vertices p or the number of edges q or on both p and q. There are more than more than 200 different
types of labeling techniques developed in the in the last 6 decades published in over 1500 research
articles. All these labeling techniques have their origin in the labeling given in[8]. For a detailed
list of labeling techniques one can look at dynamic survey updated yearly by [5]. The focus of our
study is of two folded. Primarily our focus is on labeling techniques, but the family of graphs that
we have chosen is something different. We have taken the famous Aztec diamond graphs for our
study of labeling. Aztec diamond graphs are the popularly known for their well established role in
tiling. There have been numerous studys conducted on Aztec diamonds and Aztec diamond
graphs.

If the vertices are assigned values subject to certain conditions then it is known as graph
labeling. Graph labelings is an active area of research in graph theory which has rigorous
applications incoding theory, communication networks, optimal circuits layouts and graph
decomposition problems.According to [1] graph labeling serves as a frontier between number
theory and the structure of graphs. For a dynamic survey of various graph labeling problems along
with an extensive bibliography one can refer to [2].

The principal focus of this paper is to look at Aztec diamond graphs in different and new
perspective of labeling techniques. Moreover we do not take the Aztec diamond graphs as it is. But
using the Aztec diamond graphs of order n, we construct new twin Aztec diamond graphs and
triple Aztec diamond graphs and finally we generate the n-chain of Aztec diamond graphs. The
labeling function that we have used generates mainly from the simple order of the Aztec diamond
graphs. That is by mere order and number of vertices q and number edges p, we can get the
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graceful labeling pattern of the given Aztec diamond graphs. And finally the upper bounds on the
number of Aztec diamond graphs that form the odd graceful and relaxed even graceful is found.

2 Preliminaries
A function f is called graceful labeling of a graph G if f:V(G)—{0,1,2,---,q} is

injective and the induced function f " : E(G) — {1,2,---,q} defined as f "(e =uv) =| f (u) - f (v)| is
bijective. The graph which admits graceful labeling is called a graceful graph. A function f is
called odd graceful labeling of a graph G if f:V(G)—> {0,1,2,---,2q—1} is injective and the

induced function f":E(G)—>{l,3,---,2q—1}defined as f (e=uv)=|f(u)—f(v)| is bijective.

The graph which admits odd graceful labeling is called an odd graceful graph. The concept of odd
graceful labeling was introduced by [4]. It is possible to decompose the graph Kn,n with suitable
odd graceful labeling of tree T of order n. The splitting graphs of path Pn and even cycle Cn are
proved to be odd graceful by [4] while ladders and graphs obtained from them by subdividing each
step exactly once are shown odd-graceful by [4]. [10]proved many results on odd graceful
labeling. The following three types of problems are considered generally in the area of graph
labeling. 1. How particular labeling is affected under various graph operations; 2. Investigation of
new families of graphs which admit particular graph labeling; 3. Given a graph theoretic property
P, characterizing the class/classes of graphs with property P that admit particular graph labeling.
From the literature survey, it is clear that the problems of second type are largely studied
than the problems of first and third types. The present work is aimed to discuss some problems of
the first kind in the context of graceful and odd graceful labeling A graph G = (V (G), E (G)) is said
to admit even graceful labeling if f:V(G)—> {0,1,2,- -(2q —1)} is injective and the induced
function f™:E(G)— {2,4,6,---(2q —2)} defined as f (uv)= | f(u)— f(v)| is bijective. A graph
which admits even graceful labeling is called an even graceful graph.Let n be a positive integer.
The Aztec diamond of order n is the union Aztec diamond of all the unit squares with integral
vertices (X, y) satisfying |x|+|y| <n+1. The Aztec diamond of order 1 consists of the 4 unit
squares which have the origin (0,0) as one of their vertices.The Aztec diamond graph of order n is

the dual graph to the Aztec diamond of order n in which the vertices are the squares and an edge
joins two vertices if and only if the corresponding squares are adjacent in the Aztec diamond.
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Figure 1: Aztec diamond And Aztec Diamond graph of order 4

We define a new labeling by relaxing a condition of even gracefulness, A graph

G =(V(G),E(G)) is said to admit relaxed even graceful labeling if f :V(G)—> {0,1,2,- -+,2( —1}

is injective and the induced function f :E(G)— {2,4,6,- '-,Zq} defined as

f (uv) = | f(uy—f (V)| is bijective. A graph which admits relaxed even graceful labeling is called
an relaxed even graceful graph.

Vo7 Ves

c8 VC5

c4

c2 Ves
Figure 2: Aztec Diamond graph of order k G(A,K)

3 MAIN RESULTS

Theorem 3.1 Any Aztec Diamond graph G(A,k) is Odd graceful.

Proof. The number of vertices in any Aztec diamond graph of order k is(2k*>+k) and the
number of edges in the Aztec diamond graph is (4k?).

It is found using finite differences relation. The (2k) vertices in the shortest path V. V.,
of G(A k) are labeled V, 1<i<(2k), it follows that

vertices diagonally opposite to V,; and located upwards at distances (2,4,6,---2K), are labeled as

> Vina> Vi - For each vertex V
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ViV

mist> Vinis3oV ViisssV “Viia @i 1f 11s odd
respectively. For clarity and convenience, V,, =Viaks Vi = Vi3 s Ve = Ve s Vid = Vi) »

V

miss> s Vmisak respectively if 1 is even and V,, |, s

me

=V, -are denoted in the following figure (3) .
A vertex labeling function R:|V|—>O,l,2,---,2q—l on the vertex set of G(AKkK) is

defined by,
R(V,,,) = 8k?
R(V,,) =0

R(V,i) = R(V,;)—4k for (i, J)=(3,1),(5,3),---,(4k 1,4k -3),
R(V,i) =RV, + 4k +2) for (i, j) = (4,2),(6,4),(8,6), -4k —2,4K) ;
R(\V,i..)=R(V,;)+a,ifiiseven and 1<a<2k;

RV, ,)=R(V,;)—-b,ifiisodd 1<b<2k;

The induced edge set labeling R(uv)=

R(U)—R(v)| for any edge uveG(Ak) the

resultant edge labels are distinct. Thus the Aztec diamond graph satisfies the conditions of odd
graceful labeling. Hence any Aztec diamond graph G(A,k) is odd graceful.

Vm2+{k+1) P
v Vima-(k-1) Vim2+{k+3)
méHk+1) Vimi-(k-3)
-
L]
L] L4 ¢ . .
* Y L ]
. mS-(k-1) Vmd+(k43) Vma-ed) Vo HK5) .
L ]
Vmb-h{k+1 Il Vm2+3 v
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Vinge(ke1) _ Vme-(k-1 Vm2+t Vi
v
Vimb+{k+3) m3-1
v Vind+1
‘ma+(k+3)
v v
Vme—{k-1} me-{k-3) \'rm3 m2
v,
md+(k+5)
Vine-(k-3) Vs Vina
L]
) Vind+3 v Vinb+1 .
. me-1 Vma .
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L]
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Figure 3:0dd graceful labeling pattern of G(A, k)

Example 3.2 Aztec diamond graph of order 3 is shown to be odd graceful in fig 4.
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Figure 4: Odd graceful labeling of Aztec diamond graph of order 3

Theorem 3.3 Any Aztec diamond graph G(A k) is relaxed even graceful.

Proof. The number of vertices in any Aztec diamond graph of order k is (2k* +k) and
the number of edges in the Aztec diamond graph is (4k*).
The (2k) vertices in the shortest path V. V., of G(A,k) are labeled V

For each vertex V

wi »

Vrza' ’ 'an(zk) >

1<i<(2k), it follows that vertices diagonally opposite to Vri and
ViiiarV -,V wi +2k)
-,V Wi —2k) if'iis odd respectively.

ri»

located upwards at distances (2,4,6,---2k,) are labeled as V.
V.. ..V

For clarity and convenience, V,, =V, o 6 Vs = Vaar gy Ve = VWK =2), Vg =V s

wi+2> Vwi+d> Vwi+6>"

respectively ifiis even and V,; ,,V,; ,,Vyi e

Vie = Vika -are denoted in following figure (5).

A vertex labeling function T:|V |—>0,1,2,---,20—1 on the vertex set of G(A,K) is
defined by,

TV wl)) = 8k*,

T(V,,)=0

TV =T, -4k for (i, ])=(3,1),(5,3), - (4k —1,4k =3),

TV) =TV, + (4k +2) for (i, j)=(4,2),(6,4),(8,6)a | (4k —2,4k);
TV,...)=T({,)+a,ifiisevenand 1<a<2k ;

TV, ,)=T(V,)—b,ifiisodd 1<b<2k.

By defining the edge set labeling T (uv) = |T (u)a T(V)| for any edge uv e G(A,Kk),the

resultant edge labels are distinct. Thus the diamond graph satisfies the conditions of relaxed even
graceful labeling. Hence any Aztec diamond graph G(A,K) is relaxed even graceful.
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Figure 5: Relaxed even graceful labeling pattern of G(A,K)

Example 3.4 Aztec Diamond graph of order 2 is relaxed even graceful.

4 26 30
18 28
12 10 22 20 2 30 32
2 12 22 32
10
14 4 14 24 24 E
6 16
16 8 8

Figure 6: Relaxed even graceful labeling of G(A,2)

Definition 3.5 Twin Aztec diamond graph
Let G,(Ak) and G,(A,k) be any two Aztec diamond graphs of same order. A
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twin-diamond graph is the graph, obtained by joining any one of the corner vertices of G,(A,K),
with any one of the corner vertices of G,(A,k) by an edge. The resulting twin-diamond graph is
denoted by G(A, k). The number of corner vertices in G(A,K) is 6. The ends of the link edge are
called corners of axis and they are denoted by V,, and V,,.Any G(A,k) has 2 corners of axis

and 4(k”+k) vertices and 8k’ +1 edges.

v
e13 Vg, c9 Veg

Verr  Yen

cl4

Ver

cl v
Var Va2 6

c2 Vea v,

Figure 7: Twin Aztec Diamond graph
Theorem 3.6 Any twin-Aztec diamond graph G(2A , k) is odd- graceful.

Proof. The pattern of labeling we propose is of two fold. We take each diamond separately
and give a pattern of labeling. A minor change of pattern is necessary in the connecting vertices.
For the (2k) number of vertices in the shortest path V.V., of G(2A k) and the labels

V..,V 1<i<(2k+1), it follows that

mi>Vimzs s Ve -are assigned in order. For each vertex V

mi »
vertices diagonally opposite to V,; and located upwards at distances 2,4,6,---,(2k +1) from V,,
, are labeled as Viiar>Viniess Vinies> s Vinis ko respectively if 1 is even; and
Viiis VsV

Vi Ve, (Vy, refers to corner of axis) of G(2A,k) thelabels V,,V,,, -,V ,,, are given in order.

V-« if1is odd respectively. consider the (2k) vertices in the shortest path

mi-1° mi-59""
For each vertex, V,, 1<i<(2k), it gives that vertices diagonally opposite to V,; and located
V...,V

ni+1> Vni+3> Vni+so "

upwards at distances 2,4,6,---,2k are allocated the labels V,
if11s odd; and V.V, 3,V s,
convenience, the following shorter forms are used in figure(8) .

Vma
Vb =Vn(2k—3) Y =Vn(2k—]) s Vg =Vn(zk) Y

nc

Vi respectively

“,Vii_ak.n 1f 118 even respectively. For the sake of clarity and

=Vn(2k—5) s Vi =Vm(2k—3) s Vi =Vm(2k—1) s Vi =Vm(zk) > Vie =Vm(2k+1) > Via =Vn(2k,5) 5

=V,ok - A vertex labeling injective function

ne
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R:NV|—>0,1,2,+-,q is defined by R(V,,)=8k>,R(V,,)=0
R(Vy) = R(V,,) —(2k +2) for (i, j)=(3,1),(5,3), -, (4k = 1,4k = 3) ;
R(Vyi) = RV, +(2k +2) for (i, j) = (4,2),(6,4),(8,6)---,(4k 4k - 2) ;
R(\V,i..)=R(V,;)+a,ifiis even, 1<a<2k;
RV, ,)=R(V,)—-b,ifiisodd, 1<b<2k
with the exception that the range of a or b value extends upto 4k if a€"1a€™ = 4k .
R(V,,)=2k>+5k, R(V_,)=6k>+11k
R(V,)=R(V,;)+2k+2) for (i, j)=(3,1),(53),---(4k 1,4k = 3) ;
R(V,)=R(V,;) -2k +2) for (i, j) = (4,2),(6,4),(8,6), -, (4k,4k - 2);
R\V,..)=R(V,)+a,ifiisodd, 1<a<2k;
RV, ,)=R(V,)-b,ifiiseven, 1<b<2k.

The above pattern and vertex labeling function assigns labels to all but the 2-degree
vertices in the path V_ V., .These k vertices are labeled as 0,1,2,---,2k —1. This completes the

entire set of vertices. By defining the edge set labeling R(uv)=|R(u)—R(v)| for any edge

uv e G(2A,k) , the resultant edge labels are distinct. Thus the twin-Aztec diamond graph becomes
odd-graceful.

v v
ni#{k+1) . m2+(ke1) um]-lk-l)
me-{k-1}
v Viz-(k-1) Vit Hke3) L — Vinagke1) Vm24{k+3)
na+ke1) Vine{k-3) mistie), - m-k-3)
v v ® Visie1)  Vidseesy W, v,
k1] Yngagkea) Ve qez)  M1HkeS) mAHkA3)  Tmd3-(k-3)  Vm2e(kes)
Vo4 v
v " s Vme-(k-5) gl v g ' mi-
nbek1) na-(k-1) ma-(k-1)
Vic-{k-1) Vme-k7)  mde{ke) Vm2er Vo
v, ;
k1) v v
Vbafle3) 21 V11 Vme-qua1) Mok a1
Vnd(ke3) n3+1 Vincked Va1
v, v, | v,
v e-{k-3) me-{ke-3
ne-(k-1) ( Vinz Ving Vime-(k-9) s Ym3 m2
Voot Ynd+{k+5)
e-{k-3) Vi (k45) Vg Vin3 Vine-(k-11) ¥ims Vima
Vi3 Ve b+l . Vimdd+3 v Vmios1 .
me-1 Vina
Vrd+ Vind+1
v o Y, Y
Vo1 ne me-1 Yime
Vid Vine Ymd

Figure 8: Vertex labeling pattern for Twin Aztec diamond graph

Example 3.7 Twin Aztec diamond graph is odd graceful
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5 15 39 49
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Figure 9: Odd Graceful Labeling of G(2A, 2)

Theorem 3.8 Any twin-Aztec diamond graph G(2A , k) is relaxed even graceful.

Proof. The pattern of labeling we propose is of two fold. We take each diamond separately
and give a pattern of labeling. A minor change of pattern is necessary in the connecting vertices.
For the (2k) number of vertices in the shortest path V.V., of G(2A,k) and the labels

., 1<i<(2k+1) , it follows that
vertices diagonally opposite to V,, and located upwards at distances 2,4,6,---,(2k +1) from V,;
V, VsV, V,

Wi+d wi—6>"" " Vwi-2k

VirsVaas >Viek, -are assigned in order. For each vertex V

W

, are labeled as V

Wid2? Viiceo > Vaisak Trespectively ifiis even; and V,

wi—22
if i is odd respectively. Consider the (2k) vertices in the shortest path V,,V., (V,, refers to
corner of axis ) of G(2A,k) the labels V,,,V,,,---,V,,,, are given in order. For each vertex, V, ,
1<i<(2k), it gives that vertices diagonally opposite to V,; and located upwards at distances
2,4,---2k are allocated the labels V, ,,V, ,,V,i¢.,"-",V,i. respectively if i is odd; and
Viii25ViieasVaies s Vi 1 118 even respectively. For the sake of clarity and convenience, the
following shorter forms are used in V., =Vyo 6> Vo Voo s s Ve =Vaek > Y = Vae
Vie =Vaeia » Via =Viekes » Vo =Vaekesy s Ve =Vean > Vo =Vaen 5 Ve =Viaien) - A Vertex
labeling injective function T:V|—{0,1,2,-,q} is defined by T(V,,) = 8k’

TV,,)=0

TMVy) = T(V,))—@2k+2) for (i, j)=(3,1),(5,3),a|(4k —1,4k -3);

TV = T(V,)+(2k+2) for (i, j) =(4,2),(6,4),(8,6)a | (4k,4k —2);

TMia) = T(V,)+a,ifiiseven, 1<a<2k ;

TV, = T(V,;)—b ,ifiis odd, 1<b<2k with the exception that the range of a or b
value extends upto 4k if i=4k. T(V,,)=2k>+5k,
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T(V,,)=6k>+11k

TV, =TV, +(2k+2) for (,))=@3,1),(5,3),--,(4k — 1,4k - 3) ;
TV, =TV, -(2k+2) for (i, ) =(4,2),(6,4),(8,6), -, (4k, 4k =2) ; T(V,;,,)=T(V,)+a ,if i
is odd, 1<a<2k; T(V,,)=T(,)-b, if iis even, 1<b<2k. The above pattern and vertex
labeling function assigns labels to all but the 2-degree vertices in the path V. V.. These k vertices
are labeled as 0,1,2,---,2k —1.This completes the entire set of vertices. By defining the edge set
labeling T (uv) =T (u) —T(V)| for any edge uveG(2A,k), the resultant edge labels are

distinct. Thus the twin-Aztec diamond graph becomes relaxed even-graceful.

Vwtk
" v
22k v Lo w2H{ke2
v FIRe vws-{kdr Vied sk e " v,
230K wl-{k-2)
K .
. = - .
. - . . 2 i * 3
. v . LI}
Voag IR V22 (k2) Ve P 2 wik o Vwdike2) Vaaikz) Vwaeed)
- v i .
ik Vzak = ‘we-{4) Visbek Vwak Vozed Vw2
v
-« v, Y,
Voo ¥ v Vaisg ek} ek w2 gy,
¥ v,
Vi 2 wi+k wihe(ke2) Vwa-z
v,
vzdo;lng y Va2 rdeikez) Vwdez v
Viok zeu(k-2) Vo vy Vive-{k-8) Vwe-{k-2) Vo wd
Voetke?)  Vzdeiked v v v, v, v, v
2odk2)  Vzde(ked) 24 23 wid{k-10) Vwde(ked) ws wd
. -
. Vides  Vpep W . Vorded Vwez  Viwbez .
2be2 v
K Yy, . . . wa . -
. . - L . .
.
Vzde2 * Vwds2 '
v
Vae2 Ve Vib we2 Ve Vo
v
Voo Vad Ywe wd

Figure 10: Relaxed Even Graceful Vertex labeling pattern of G(2A, k)

Example 3.9 Twin Aztec diamond graph is relaxed even graceful.
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Figure 11: Relaxed Even Graceful Labeling of G(2A, 3)

Definition 3.10 Triple Aztech Diamond Graph

By joining an edge between any one of the corner vertices of the second diamond, of a
twin-Aztec diamond graph, with any one of the corner vertices of a Aztec diamond graph, a
triple-Aztec diamond graph is obtained and it is denoted by G(3A,k). Any G(3A,k) has 4

corners of axis and 8 corner vertices. It contains (6k>+6k) vertices and (12k*+2) edges.

Figure 12: Triple chain Aztec diamond graph G(3A,k)

Theorem 3.11 Any triple-Aztec diamond graph G(3A,k) is odd graceful

Proof. Using the proof similar to the one given in 3.6, the triple Aztec Diamond Graph can
be shown to be Odd Graceful.
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Example 3.12 Triple Aztec diamond graph is odd graceful.

2 2% g 18,59 7 4

51
%43 g

61
16 63 79 12

7
3029 59

17]

40 9 48] 19 53

2 31 3 45 55 65 69

4 15714 g7 81 71 10

49 73

5123 28 33 g1 3724
5 15 3

'

3% 63 41 8 75 8

Figure 13: Odd graceful triple Aztec diamond graph

Theorem 3.13 Any triple-Aztec diamond graph G(3A,k) is relaxed even graceful

Proof. Similar to a proof given for Twin Aztec Diamond Graph in 3.8, the triple Aztec
diamond graph can be shown to be Relaxed Even Graceful.

Example 3.14 Triple Aztec diamond graph G(3A,2)is relaxed even graceful.

42 26 58 60 78 4 94 98

18 28 52 62 86 96

40_10 50 30 30 gp 28 701 54 64 80 12 73 90 88 |2 98 100

32 36 56 g6 70 |80 90 100

22

38 24 10

14 82 72 82 92 92

42

6

44

36

28 34

62 45
40

72 58 14 68
50

22

74

84

76

8 a2
Figure 14: Relaxed even graceful labeling of G(3A,2)
Definition 3.15 n-Aztec diamond chain graph:
An n-Aztec diamond chain graph consists of n Aztec diamond graphs, each Aztec diamond
graph linked by an edge in at least one corner vertex and at most two corner vertices.( First and nth

Aztec diamonds graphs are linked in one corner vertex and the rest of the Aztec diamond graphs
are linked in two corner vertices). The number of corner vertices in n-Aztec diamond chain graph
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is 2n+2. The order of the graph is k. It is denoted by G (nA ,k) and defined . It contains
(2nk* +2k) vertices and (nk>+n-1) edges.

L]
. L] .. L] . L ]
L] L] L] L]
U0 °* L0 °* L0 .
LI ] e ® LI ] e ® ] e ®
e o0
P .oo PO ) .oo o ® .-.
. ® o © e ® e ©® o @ . ®
. . . . . ® .
L] . L] . L] .

Figure 15:n - chain Aztec diamond graph

Theorem 3.16 Any n- diamond chain graph G (nA k) is odd and relaxed even graceful.

Proof.
Case-1: n is odd:

If the number of Aztec diamond graph in G (nA,k) is odd then the vertex labeling will be
similar to triple-diamond graphs.
Case-2 :nis even:

when the number of diamonds in the n- diamond chain graph is even, the vertex labeling
will be similar to twin-diamond graphs. And the edge labeling will be the same as defined for the
lemmas and thus the odd gracefulness and relaxed even gracefulness of n-diamond chain graph
can easily be verified.

Theorem 3.17 Any n-chain Aztec diamond graph G(nA k) of order k is m-odd graceful.

Proof. By changing the vertex labeling function defined in theorem into
R |V| — {m, m+1,m+2,---,m+q+ 1} the theorem can easily be verified.

Upperbounds:
For any chain of Aztec diamond graceful graph, the upper bound of the number of Aztec
diamonds in the n-chain Aztec diamond graph is countably infinite.
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