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Abstract: Aztech Diamond graph of order n is a dual graph to the Aztech Diamond of order n in 
which the vertices are the squares and and edge is formed between two vertices if and only if the 
corresponding squares are adjacent. In this article we investigate the Aztech diamond graphs in the 
light of labelling and derived upper bounds for odd and relaxed even graceful Aztech diamond 
chain graphs that are a result of merging vertices and edges.  
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1  Introduction 
Graph labeling is one of the fastest developing areas of research. Graph labeling is a function 
defined on the vertex set or edge set subject to certain conditions enforced on the number of 
vertices p or the number of edges q or on both p and q. There are more than more than 200 different 
types of labeling techniques developed in the in the last 6 decades published in over 1500 research 
articles. All these labeling techniques have their origin in the labeling given in[8]. For a detailed 
list of labeling techniques one can look at dynamic survey updated yearly by [5]. The focus of our 
study is of two folded. Primarily our focus is on labeling techniques, but the family of graphs that 
we have chosen is something different. We have taken the famous Aztec diamond graphs for our 
study of labeling. Aztec diamond graphs are the popularly known for their well established role in 
tiling. There have been numerous studys conducted on Aztec diamonds and Aztec diamond 
graphs. 

If the vertices are assigned values subject to certain conditions then it is known as graph 
labeling. Graph labelings is an active area of research in graph theory which has rigorous 
applications incoding theory, communication networks, optimal circuits layouts and graph 
decomposition problems.According to [1] graph labeling serves as a frontier between number 
theory and the structure of graphs. For a dynamic survey of various graph labeling problems along 
with an extensive bibliography one can refer to [2]. 

The principal focus of this paper is to look at Aztec diamond graphs in different and new 
perspective of labeling techniques. Moreover we do not take the Aztec diamond graphs as it is. But 
using the Aztec diamond graphs of order n, we construct new twin Aztec diamond graphs and 
triple Aztec diamond graphs and finally we generate the n-chain of Aztec diamond graphs. The 
labeling function that we have used generates mainly from the simple order of the Aztec diamond 
graphs. That is by mere order and number of vertices q and number edges p, we can get the 
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graceful labeling pattern of the given Aztec diamond graphs. And finally the upper bounds on the 
number of Aztec diamond graphs that form the odd graceful and relaxed even graceful is found.  
 
2  Preliminaries 

  A function f is called graceful labeling of a graph G if },{0,1,2,)(: qGVf   is 

injective and the induced function },{1,2,)(:* qGEf  defined as )()(=)=(* vfufuvef   is 

bijective. The graph which admits graceful labeling is called a graceful graph. A function f is 
called odd graceful labeling of a graph G if  : ( ) 0,1,2, , 2 1f V G q   is injective and the 

induced function  * : ( ) 1,3, ,2 1f E G q  defined as *( = ) = ( ) ( )f e uv f u f v  is bijective. 

The graph which admits odd graceful labeling is called an odd graceful graph. The concept of odd 
graceful labeling was introduced by [4]. It is possible to decompose the graph Kn,n with suitable 
odd graceful labeling of tree T of order n. The splitting graphs of path Pn and even cycle Cn are 
proved to be odd graceful by [4] while ladders and graphs obtained from them by subdividing each 
step exactly once are shown odd-graceful by [4]. [10]proved many results on odd graceful 
labeling. The following three types of problems are considered generally in the area of graph 
labeling. 1. How particular labeling is affected under various graph operations; 2. Investigation of 
new families of graphs which admit particular graph labeling; 3. Given a graph theoretic property 
P, characterizing the class/classes of graphs with property P that admit particular graph labeling. 

From the literature survey, it is clear that the problems of second type are largely studied 
than the problems of first and third types. The present work is aimed to discuss some problems of 
the first kind in the context of graceful and odd graceful labeling A graph G = (V (G), E (G)) is said 
to admit even graceful labeling if  1)(20,1,2,)(:  qGVf  is injective and the induced 

function  2)(22,4,6,)(:*  qGEf   defined as *( ) = ( ) ( )f uv f u f v  is bijective. A graph 

which admits even graceful labeling is called an even graceful graph.Let n be a positive integer. 
The Aztec diamond of order n is the union Aztec diamond of all the unit squares with integral 
vertices (x, y) satisfying 1 nyx . The Aztec diamond of order 1 consists of the 4 unit 

squares which have the origin (0,0) as one of their vertices.The Aztec diamond graph of order n is 
the dual graph to the Aztec diamond of order n in which the vertices are the squares and an edge 
joins two vertices if and only if the corresponding squares are adjacent in the Aztec diamond. 
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         Figure  1: Aztec diamond  And Aztec Diamond graph of order 4 
   
We define a new labeling by relaxing a condition of even gracefulness, A graph 

))(),((= GEGVG  is said to admit relaxed even graceful labeling if  1,20,1,2,)(:  qGVf   

is injective and the induced function  qGEf ,22,4,6,)(:*   defined as 

)()(=)(* vfufuvf   is bijective. A graph which admits relaxed even graceful labeling is called 

an relaxed even graceful graph.  

    
Figure  2: Aztec Diamond graph of order k ),( KAG  

 
3  MAIN RESULTS 

  
Theorem 3.1 Any Aztec Diamond graph ),( kAG  is Odd graceful.  

  
Proof.  The number of vertices in any Aztec diamond graph of order k is )(2 2 kk   and the 

number of edges in the Aztec diamond graph is )(4 2k .  

It is found using finite differences relation. The )(2k  vertices in the shortest path 21 CC VV  

of G(A ,k) are labeled )(221 ,,, kmmm VVV  . For each vertex miV  , )(21 ki  , it follows that 

vertices diagonally opposite to miV  and located upwards at distances )2(2,4,6, k , are labeled as 
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)(2531 ,,,, kmimimimi VVVV    respectively if i is even and )(2 â531 ,,,, kmimimimi VVVV   if i is odd 

respectively. For clarity and convenience, 5)(2= kmma VV , 3)(2= kmmb VV , 1)(2= kmmc VV , )(2= kmmd VV ,

1)(2= kmme VV ,are denoted in the following figure (3) . 

A vertex labeling function 1,20,1,2,:  qVR   on the vertex set of ),( kAG  is 

defined by, 
2

1 8=)( kVR m  

0=)( 2mVR  

kVRVR mjmi 4)(=)(   for 3)1,4(4,(5,3),(3,1),=),(  kkji  , 

2)(4)(=)(  kVRVR mjmi  for )2,4,4(8,6),(6,4),(4,2),=),( kkji  ; 

aVRVR miami  )(=)( ,if i is even and ;21 ka    

bVRVR mibmi  )(=)( ,if i is odd kb 21  ; 

The induced edge set labeling )()(=)( vRuRuvR   for any edge ),( kAGuv  the 

resultant edge labels are distinct. Thus the Aztec diamond graph satisfies the conditions of odd 
graceful labeling. Hence any Aztec diamond graph ),( kAG  is odd graceful.  

  
    

Figure  3: Odd graceful labeling pattern of ),( kAG  
    

Example 3.2  Aztec diamond graph of order 3 is shown to be odd graceful in fig 4.  
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Figure  4: Odd graceful labeling of Aztec diamond graph of order 3 

   
Theorem 3.3  Any Aztec diamond graph G(A ,k) is relaxed even graceful.  

  
Proof.  The number of vertices in any Aztec diamond graph of order k is )(2 2 kk   and 

the number of edges in the Aztec diamond graph is )(4 2k . 

The )(2k  vertices in the shortest path 21 CC VV  of ),( kAG  are labeled )(221 ,,, kwrr VVV  ,. 

For each vertex wiV , )(21 ki  , it follows that vertices diagonally opposite to Vri and 

located upwards at distances ),2(2,4,6, k  are labeled as )2,,,, (642 kwiVVVV wiwiwi    

respectively if i is even and )2,,,, (642 kwiVVVV wiwiwi    if i is odd respectively. 

For clarity and convenience, 6)(2= kwwa VV , 4)(2= kwwb VV , 2)(2= ( kwVVwc , )(2= kwwd VV , 

2)(2= krwe VV ,are denoted in following figure (5) . 

A vertex labeling function 1,20,1,2,|:|  qVT   on the vertex set of ),( kAG  is 
defined by, 

2
( 8=1))( kwVT , 

0=)( 2wVT  

kVTVT wjwi 4)(=)(   for 3)1,4(4(5,3),(3,1),=),(  kkji  ,  

2)(4)(=)(  kVTVT wjwi  for )2,4(4¦ (8,6)â(6,4),(4,2),=),( kkji  ;  

aVTVT wiawi  )(=)( , if i is even and ka 21   ; 

bVTVT wibwi  )(=)( , if i is odd kb 21  .  

By defining the edge set labeling )( )â(=)( vTuTuvT  for any edge ),,( kAGuv the 

resultant edge labels are distinct. Thus the diamond graph satisfies the conditions of relaxed even 
graceful labeling. Hence any Aztec diamond graph ),( kAG  is relaxed even graceful.  
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Figure  5: Relaxed even graceful labeling pattern of ),( kAG  

   
Example 3.4 Aztec Diamond graph of order 2 is relaxed even graceful.  

  

                  
Figure  6: Relaxed even graceful labeling of ,2)(AG  

   
Definition 3.5  Twin Aztec diamond graph 

Let ),(1 kAG  and ),(2 kAG  be any two Aztec diamond graphs of same order. A 
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twin-diamond graph is the graph, obtained by joining any one of the corner vertices of ),(1 kAG , 

with any one of the corner vertices of ),(2 kAG  by an edge. The resulting twin-diamond graph is 
denoted by ),( kAG . The number of corner vertices in ),( kAG  is 6. The ends of the link edge are 

called corners of axis and they are denoted by 1AV  and 2AV .Any ),( kAG  has 2 corners of axis 

and )4( 2 kk   vertices and 18 2 k  edges.   
 

 
   

Figure  7: Twin Aztec Diamond graph 
 
Theorem 3.6 Any twin-Aztec diamond graph G(2A , k) is odd- graceful.  

 
Proof. The pattern of labeling we propose is of two fold. We take each diamond separately 

and give a pattern of labeling. A minor change of pattern is necessary in the connecting vertices. 
For the (2k) number of vertices in the shortest path 21 CC VV  of G(2A ,k) and the labels

)(221 ,,, kmmm VVV   ,are assigned in order. For each vertex miV , 1)(21  ki , it follows that 

vertices diagonally opposite to miV  and located upwards at distances 1)(2,2,4,6, k  from miV

, are labeled as )(2531 ,,,, kmimimimi VVVV    respectively if i is even; and 

1)(531 ,,,,  kmimimimi VVVV   if i is odd respectively. consider the )(2k  vertices in the shortest path 

42 CA VV  2( AV  refers to corner of axis) of ),(2 kAG  the labels )(221 ,,, knnn VVV   are given in order. 

For each vertex, niV , )(21 ki  , it gives that vertices diagonally opposite to niV  and located 

upwards at distances k,22,4,6,  are allocated the labels knininini VVVV 2531 ,,,,    respectively 

if i is odd; and 1)(2531 ,,,,  knininini VVVV   if i is even respectively. For the sake of clarity and 

convenience, the following shorter forms are used in figure (8) . 

5)(2= knma VV , 3)(2= kmmb VV , 1)(2= kmmc VV , )(2= kmmd VV , 1)(2= kmme VV , 5)(2= knna VV , 

3)(2= knnb VV , 1)(2= knnc VV , )(2= knnd VV , 1)(2= knne VV . A vertex labeling injective function 
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qVR ,0,1,2,:   is defined by 2
1 8=)( kVR m , 0=)( 2mVR  

2)(2)(=)(  kVRVR mjmi  for 3)1,4(4,(5,3),(3,1),=),(  kkji  ; 

2)(2)(=)(  kVRVR mjmi  for 2),4(4,(8,6)(6,4),(4,2),=),( kkji  ; 

,)(=)( aVRVR miami  if i is even, ;21 ka   

bVRVR mibmi  )(=)( , if i is odd , kb 21   

with the exception that the range of a or b value extends upto 4k if â€˜iâ€™ = 4k . 
kkVR n 52=)( 2

1  , kkVR n 116=)( 2
2   

2)(2)(=)(  kVRVR njni  for 3)1,4(4(5,3),(3,1),=),(  kkji  ; 

2)(2)(=)(  kVRVR njni  for 2);,4(4,(8,6),(6,4),(4,2),=),( kkji   

aVRVR niani  )(=)( , if i is odd, ka 21  ;  

bVRVR nibni  )(=)( ,if i is even , kb 21  . 

The above pattern and vertex labeling function assigns labels to all but the 2-degree 
vertices in the path 31 CC VV .These k vertices are labeled as 1,20,1,2, k . This completes the 

entire set of vertices. By defining the edge set labeling )()(=)( vRuRuvR  for any edge 

),(2 kAGuv  , the resultant edge labels are distinct. Thus the twin-Aztec diamond graph becomes 
odd-graceful.  

  
  

 
    

Figure  8: Vertex labeling pattern for Twin Aztec diamond graph 
   
 
Example 3.7 Twin Aztec diamond graph is odd graceful  
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Figure  9: Odd Graceful Labeling of G(2A, 2) 

   
  

Theorem 3.8 Any twin-Aztec diamond graph G(2A , k) is relaxed even graceful.  
 
Proof. The pattern of labeling we propose is of two fold. We take each diamond separately 

and give a pattern of labeling. A minor change of pattern is necessary in the connecting vertices. 
For the )(2k  number of vertices in the shortest path 21 CC VV  of ),(2 kAG  and the labels 

)(221 ,,, kwww VVV   ,are assigned in order. For each vertex wiV  , 1)(21  ki  , it follows that 

vertices diagonally opposite to wiV  and located upwards at distances 1)(2,2,4,6, k  from wiV  

, are labeled as kwiwiwiwi VVVV 2642 ,,,,    respectively if i is even; and kwiwiwiwi VVVV 2642 ,,,,    

if i is odd respectively. Consider the )(2k  vertices in the shortest path 42 CA VV  ( 2AV  refers to 

corner of axis ) of ),(2 kAG  the labels )(221 ,,, kzzz VVV   are given in order. For each vertex, ziV  , 

)(21 ki  , it gives that vertices diagonally opposite to ziV  and located upwards at distances 

k22,4,  are allocated the labels kzizizizi VVVV 2642 ,,,,    respectively if i is odd; and 

)(2642 ,,,, kzizizizi VVVV    if i is even respectively. For the sake of clarity and convenience, the 

following shorter forms are used in 6)(2= kwwa VV , 4)(2= kwwb VV , 2)(2= kwwc VV , )(2= kwwd VV , 

2)(2= kwwe VV , 6)(2= kzza VV , 4)(2= kzzb VV , 2)(2= kzzc VV , )(2= kzzd VV , 2)(2= kzze VV . A vertex 

labeling injective function  qVT ,0,1,2,:   is defined by )( 1wVT  = 28k  

0=)( 2wVT  

)( wiVT  = 2)(2)(  kVT wj  for 3)1,4(4¦ â(5,3),(3,1),=),(  kkji ; 

)( wiVT  = 2)(2)(  kVT wj  for 2),4(4¦ (8,6)â(6,4),(4,2),=),( kkji ; 

)( awiVT   = aVT wi )( , if i is even, ka 21   ;  

)( bwiVT   = bVT wi )(  , if i is odd, kb 21   with the exception that the range of a or b 

value extends upto 4k if  i = 4k . kkVT z 52=)( 2
1  , 
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kkVT z 116=)( 2
2    

2)(2)(=)(  kVTVT zjzi  for 3)1,4(4,(5,3),(3,1),=),(  kkji  ; 

2)(2)(=)(  kVTVT zjzi  for 2),4(4,(8,6),(6,4),(4,2),=),( kkji  ; aVTVT ziazi  )(=)(  ,if i 

is odd, ka 21  ; bVTVT zibzi  )(=)( , if i is even, kb 21  . The above pattern and vertex 

labeling function assigns labels to all but the 2-degree vertices in the path 31 CC VV . These k vertices 

are labeled as 1,20,1,2, k .This completes the entire set of vertices. By defining the edge set 

labeling )()(=)( vTuTuvT   for any edge ),(2 kAGuv , the resultant edge labels are 

distinct.Thus the twin-Aztec diamond graph becomes relaxed even-graceful.  
  
 

 
    

Figure  10: Relaxed Even Graceful Vertex labeling pattern of G(2A, k)  
   

Example 3.9 Twin Aztec diamond graph is relaxed even graceful.  
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Figure  11: Relaxed Even Graceful Labeling of G(2A, 3) 

   
 
 

Definition 3.10 Triple Aztech Diamond Graph 
 
By joining an edge between any one of the corner vertices of the second diamond, of a 

twin-Aztec diamond graph, with any one of the corner vertices of a Aztec diamond graph, a 
triple-Aztec diamond graph is obtained and it is denoted by ),(3 kAG . Any ),(3 kAG  has 4 

corners of axis and 8 corner vertices. It contains )6(6 2 kk   vertices and 2)(12 2 k  edges.   
   
    

 
Figure  12: Triple chain Aztec diamond graph ),(3 kAG  

  
 
Theorem 3.11 Any triple-Aztec diamond graph ),(3 kAG  is odd graceful  
  
Proof. Using the proof similar to the one given in 3.6, the triple Aztec Diamond Graph can 

be shown to be Odd Graceful.  
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Example 3.12 Triple Aztec diamond graph is odd graceful.  
   

    
                   Figure  13: Odd graceful triple Aztec diamond graph 

   
Theorem 3.13 Any triple-Aztec diamond graph ),(3 kAG  is relaxed even graceful  
  
Proof. Similar to a proof given for Twin Aztec Diamond Graph in 3.8, the triple Aztec 

diamond graph can be shown to be Relaxed Even Graceful.  
  
Example 3.14 Triple Aztec diamond graph G(3A,2)is relaxed even graceful.  
   
   

 
Figure  14: Relaxed even graceful labeling of G(3A,2) 

    
Definition 3.15 n-Aztec diamond chain graph: 

 
An n-Aztec diamond chain graph consists of n Aztec diamond graphs, each Aztec diamond 

graph linked by an edge in at least one corner vertex and at most two corner vertices.( First and nth 
Aztec diamonds graphs are linked in one corner vertex and the rest of the Aztec diamond graphs 
are linked in two corner vertices). The number of corner vertices in n-Aztec diamond chain graph 
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is 2n+2. The order of the graph is k. It is denoted by G (nA ,k) and defined . It contains 
)2(2 2 knk   vertices and 1)( 2  nnk  edges.  

 

 
    

Figure  15: n - chain Aztec diamond graph 
   

 
Theorem 3.16 Any n- diamond chain graph G (nA ,k) is odd and relaxed even graceful.  

  
Proof.  
Case-1: n is odd: 

If the number of Aztec diamond graph in G (nA,k) is odd then the vertex labeling will be 
similar to triple-diamond graphs. 
Case-2 :n is even: 

when the number of diamonds in the n- diamond chain graph is even, the vertex labeling 
will be similar to twin-diamond graphs. And the edge labeling will be the same as defined for the 
lemmas and thus the odd gracefulness and relaxed even gracefulness of n-diamond chain graph 
can easily be verified.  

  
Theorem 3.17 Any n-chain Aztec diamond graph G(nA,k) of order k is m-odd graceful.  

  
Proof. By changing the vertex labeling function defined in theorem into 
 1,2,1,,:  qmmmmVR   the theorem can easily be verified.  

 
Upperbounds:  
        For any chain of Aztec diamond graceful graph, the upper bound of the number of Aztec 
diamonds in the n-chain Aztec diamond graph is countably infinite. 
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