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Abstract
In this paper a new kind of topology is called
NanoTri star topology induced by two nano
bitopology and is denoted by NT*i33. NT*2b
opensets, NT*123 gb open sets are introduced and
studied separation axioms of Nano Tri star topology
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1. Introduction

The concept of a bitopological space was
first introduced by Kelly [4] in 1963. A nonempty set
X with two topologies T, T is called a bitopological
space, where the topology is defined as T;UT, and
denoted by TT>. As an extension of bitopological
space, tri topological space was first initiated by
Kovar[2] in 2000, where a nonempty set X with three
topology is called a tri topological space. [5]In 2014
Palaniammal and Somasundaram introduced a
topology TiNT>NTs in the tri topological space (X,
Ti, T2, T3) and studied several properties of this
topology .

LN.F. Hameed and Moh. Yahya Abid gives
the definition of 123 open set in tri topological
spaces .U.D. Tapi , R. Sharma and B. Deole
introduce semi open set and pre open set in tri
topological space. Stella Irene Mary J introduce a
new topology called Tri star topology induced by
two bitopology and is denoted by T 123. notion of
Nano topology was introduced by Lellis
Thivagar[10] which was defined in terms of
approximations and boundary region of a subset of
an universe using an equivalence relation on it and
also defined Nano closed sets ,Nano-interior and
Nano-closure.He has also defined Nano continuous
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functions , Nano open mapping , Nano closed
mapping and Nano Homeomorphism.
K.Buvaneshwari[11] etal S.Chandrasekar[8] et al
contributed in Nanobitopological spaces

In this paper, we introduce a new topology
called Nano Tri star topology induced by two nano
bitopology and is denoted by NT*»;. The various
concepts of Nano b open sets in NT*,3- topological
space are analyzed.

2. Preliminaries

Definition 2.1: A topology on a non empty set X is
a collection T of subsets of X having the following
the properties:
1) X and @ are in T.
2) The union of the elements of any sub collection of
TisinT.
3) The intersection of the elements of any finite sub
collection of Tisin T.
A set X for which a topology T has been specified
is
called a Topological space.
Definition 2.2.
A subset A of a topological space (X, ) is called
(i)b-open set[1] if A [ cl (int (A)) u int (cl (A)).
(ii)a generalized b- closed set (briefly gb- closed) [1]
if bcl (A) 0O U whenever A [0 U and U is open in
X.
DEFINITION 2.3,[10]

Let U be a non-empty finite set of objects
called the universe and R be an equivalence relation
on U named as the indiscernibility relation. Elements
belonging to the same equivalence class are said to
be indiscernible with one another. The pair (U, R) is
said to be the approximation space. Let X=U.
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(i) The lower approximation of X with respect to R is
the set of all objects, which can be for certain
classified as X with respect to R and it is denoted by
Lg ) .That . :__‘I.J{R'::-::': Rix! = X where
R(x) denotes the equivalence class determined by X.
(i1) The upper approximation of X with respect to R
is the set of all objects, which can be possibly
classified as X with respect to R and it is denoted by
Ur(X).That is, Ug (! = ';‘.J[n-:x:'; Rix) 13 = ¢ (iii)
The boundary region of X with respect to R is the set
of all objects, which can be neither in nor as not-X
with respect to R and it is denoted byZz(¥}. That
is,Ba (X1= U X]- Lo (X)
DEFINITION 2.4 [10]
If (U, R) is an approximation space and X, Y = U,
then

(1) Lr(X) =X = Ur(X)

(i) Lr(¢) = Ur(e)= ¢

(111) Ur(& U ¥)= Ur(X) U Ur(Y)

(iv) Ur(E M ¥) S Ur(¥) N Ur(¥)

(v) Lr(¥1T) 2 La(¥) U Lg(¥)

(vi) Lr(& 1 ¥)= Lr(X) N Lr(¥)

(vii)Lr(¥) E Lr(¥) and Ug(¥) S Ur(Y¥) whenever

X2Y

(viii) Ur(X* =1Lz (21]° and Le(X* )=[ar (21 ]°

(ix)Ur Ur(¥)= Lr Ur(X)= Ugr(X)

(x) Lr Lr(¥)= Ugr Lr(&)= Lr(¥)

is, Ly () =

DEFINITION2.5[10] Let U be an universe, R be an

equivalence relation on U and
o ':}-=:' - {:‘:‘F A, LF. ':}-=:'- '\Er"'r'l ':}::' : E;.':}f:' . where

X Y. ;%] satisfies the following axioms

() U, ge 5040

(i1)The union of the elements of any sub-collection
of 6% isin = (¥

(ii1) The intersection of the elements of any finite sub-
collection of #z(&) isin 75Lx).

That is, t;¢% forms a topology on U called
the nano topology on U with  respect to X. We
call(U, ;3 )) as the nano topological space. The
elements of 7 (i} are called nano open sets.
DEFINITION2.6
If(Y, w5, , II.J{}} is a Nano tri topological space with
respect to U where and if then
(i) The Nano (1,2)* interior of A is defined as the
union of all Nano (1,2)* open subsets
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of A contained in A and it is denoted
by Ny intla) . Nrpoint{4) is the largest
Nano (1,2)* open subset of A.
(i1) The Nano (1,2)* closure of A is defined as the
intersection of all Nano (1,2)* closed
Sets containing A and it is denoted
by Nryel{A).Nry oef{A) is the smallest Nano
(1,2)*Closed set containing A.
3. NANO TRI STAR TOPOLOGICAL SPACE

In this section we introduce a new topology in (X,

T, T2, Ts)

3.1. NT123*-OPEN SETS

Throughout this article we consider nano
bitopological  spaces ED’, Tr, K1) and

E?, TF“E'X,‘QI for which the nano bitopology
elements form a topology.
Definition 3.2:

Let
(7, 7a, (X) 7, 080, 74, (X)) = (U, 7%, (00 | be a
tri topological space. We define a new topology

NT123*-called NanoTri star topology induced by
two nano bitopology, as follows

N O &) = [ gl N
75, (%) Vg, (4)] where tg,(#) v =504} and
T (X)u 5 {A)are nano bitopology defined on the

(0,20, 4]

nano bitopological spaces

and (U ' TRy ,r'.’;'jl respectively.
Example 3.3.

LetU={p,q,r1,s,t}, UR={ {p},{q,r s}, {t}}.
LetXi={p,q} €U.Thenzg, (X}={U, a,{p},{p.q.1.s},

. Q1,8
LetXo={p,r} SU.Then 1 (X={U, 0,{p},{p,q.1,s}
_, Aa.rs 1
Let X3= {q, r}S U. Then 5 (X}={U, ¢,{qr,s} }.
NT*123 O{&)= (7, (X) 7o, (X)) N TayfX )0 7o, KX))
Then NT*123 OLX )= {U, 0, {p},{p,q.1,s},{q.1,8} }
NT*123 CLE)= {U, 0, {t}, {p.t}, {q.r,5.t} }
Definition 3.4:

AC {\EF, T, o4 W) | is called T*23-open in U,
if & € [7g, (X)W 75, (40] N [£5, 0X) W Ts, (X)]. The
union of all NT*;»3-open sets contained in A is called
the NT*2;3-interior of A and denoted by NT*,3-intA.
We say A is NT*5-closed in U if A is NT*a;-
open, and the intersection of NT*-closed sets
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containing A is called NT*3-closure of A and it is
denoted by NT*;23-cl(A) .

Definition 3.5
A subset A of a nano Nano tri star topological space

[E}T,F'EHE?;X\EHS called NT*,3 neighborhood of a

point x=U if and only if there exists an T*23 open set
U such that xeU=A.
Remark 3.6

We will denoted to the NT*3 interior (resp.
NT*123 closure) of any subset, say A of U by
NT*3intA (resp.NT*i23clA), where NT*intA is
the union of all NT*,»3 open sets contained in A, and
NT*123 is the intersection of all NT*»3closed sets
containing A.
Definition 3.7
A subset A of a space U is said to be NT*23 b open
set
if Al NT*123C1(NT*123th A) u NT*p3
int(NT*123clA).

Remarks 3.8

(1)The complement of NT*;23b open set is called
NT*23b closed set. Thus AU is NT*123b closed

if
and only if NT*23cl(NT*23intA) i
NT*123int(NT*123CIA) =A.

(i) The intersection of all NT*1,3b closed sets of U
containing a subset A of U is called NT*23b
closure of A and is denoted by NT*23clb(A).
Analogously the NT*23b interior of
A is the union of all NT*;,3b open sets contained
in A denoted by NT*,3intb(A) .

Definition 3.9

A subset A of a Nano tri star topological space

[E&‘,f"mné}f}\j is called to be NT*;sgb-closed if

NT*13bcl(A) = U whenever A = U and U is

NT*230pen.

Remark 3.10

(1)The complement of NT*23gb -closed is NT*123gb-
open.

(i) The intersection of all NT*1,3 -closed sets of U
containing a subset A of U is called NT* 3
gb-closure of A and is denoted by NT*;23clgb(A)
Analogously the NT*;»3gb -interior of A is

the union of all 123gb-open sets contained in A
denoted by NT*3 intgb(A)

63

International Journal of Scientific Engineering and Applied Science (IJSEAS) — Volume-3, Issue-5,May 2017

ISSN: 2395-3470
WWw.ijseas.com

Example 3.11.

The relationships between the concepts NT*»3
closed set, NT*3b closed set and NT*»3gbclosed
summarized in the following diagram:

NT*23closedset ™ NT*123bclosedset—® NT*i23gbclosed

LetU={a,b,c,d, e}, URi={{a},{b,c,d}, {e}}.
Let X; ={a,b}< U. Then

75, (3=1{U, 0 ,{a},{a,b,c,d},{b,c.d}}

Let X,={a,c}< U. Then

e (X={U, 0 ,{a},{ab,c.d} ,{becd }}.
Let X3= {b, ¢}< U. Then 5 {X}={U, 0 ,{b,c,d} }.
NT*123{X )= (75, LX)V T2 4X)) N (T {F)0 T, (XD
Then NT*12; O{X )= {U, a,{a},{a,b,c,d},{b,c,d}}

NT*123 CLX )= {U, 0 ,{e},{a,e},{b,c,d,e}}

NT*123 bC =.X :': {Ua 0 ,{a},{b},{c},{d},{e},{a,e},
{b,c},{b,d},{b,e},{c,d},{d,e},{c,e},{ab,e},{a,c,e},
{a,d,e},{b,c,e},{b,c,d},{b,d,e},{c,d,e},{b,c,de}}

NT*123 gbC{x)= {U, 0 {a},{b}.{c}.{d}.{e}.{ac},
fach,{b,c}, {b.d}, fbiel {e.d}, idel {e.eh {abse),
{a,c,e},{a,d,e},{b,c,e},{b,c,d},{b,d,e},{c,d,e},
{a,b,d,e},{a,b,c.e},{a,c,d,e},{b,c,d,e}}

Now, we will prove every pointed in the above
diagram in the following propositions:

Proposition 3.12.

Every NT*3 closed subset of a Nano tri star
topological space U is NT*1,3b closed.

Proof:

Let ACU be NT*,;3 closed set,
since A°Z NT*53clA°,
hence T*123in'[A°CNT*123th(NT*123ClA°),
but NT*23int A=A for any subset A,
hence A°= NT*j3int (NT*23¢lA°), and
A° = NT*,5int (NT*123C1AO) W] NT*12301(NT*123int
A°)hence A°is NT*23b open set, hence A is
NT*i23b open set .

Proposition 3.14

Every NT*3b closed subset of a Nano tri-
topological space U is NT*;,3 gb-closed.

Proof:

Let A be a NT*;3b-closed subset of U , and
let ACG , where G is NT*;3b -open, since A is
NT*123b -closed set, hence NT* 23int(NT*;23¢cl(A))
NT*123CI(NT*123int(A)) — A 5
NT*123int( NT*123CI(A)) n
NT*p3 ll’lt(A)) G

NT*123C1(
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since NT*25clb(A) is the smallest NT*3b -closed
set containing A ,
i.e. A is NT*23cl (A): A'._JNT*123int(NT*123CI(A)) n
NT*123C1(NT*123int(A)) — A ,

CALLTE

=U

i.e. A is NT*23gb-closed.
Now, we will give some examples to show that the
inverse pointed in the diagram (2.1) is not True

Example 3.15
—\—DNT*m -closed set.

NT*23-belosed set
LetU={l1,2,3,4,5}, URi={ {1}, {2, 3,4}, {5}}.
LetX;={1,2} €U.Then
s, (MU, 0,{1},{1,2,3,4},{2,3,4}}
Let Xo={1,3}< U. Then
wr, W={U, 0,{1},{1,2,3,4} ,{2,3,4 }}.
Let X3= {2, 3}S U. Then 15, (&)={U, 2 ,{2,3,4} }.
NT*125{K)= (7, (XU 73, (X)) N (T )0 7, £0)
Then NT*2; OL )= {U, ¢,{1},{1,2,3,4},{2,3,4}}
NT*123 CLX)= {U, 0,{5},{1,5},{2,3,4,5}}
NT*123bC X )= {U, 0 {1},{2},{3},{4},{5}.{L.5},
{2,3},{2,4},{2,5},{3,4},{4,5},{3,5},{1,2,5},
{1,3,5},{1,4,5},{2,3,5},{2,3,4},{2,4,5},
{3,4,5},{2,3,4,5}}
{{13,42},{3},{4},{2,3},{2,4},{2,5},{3,4},{4,5},{3,5
1,{1,2,53,{1,3,5},{1,4,5},{2,3,5},{2,3,4},{2,4,5},
{3,4,5}} are NT*13 b -closed sets but not NT* 3 -

closed sets. —>

Example 3.16

NT*123gb closed set NT*23b -closed set.

In example (3.11), the sets
{a,c},{a,b,c,e},{a,c,d,e},{b,c,d,c}are

NT*23gb -closed but it is not NT*23b

NT#*23gb TkSpaces, k=0,1,2

In this section we will introduce new types of
separation axioms which we called NT*23gb T«
spaces for k =0,1,2 , for the sake of convenience, we
begin with definition the concepts

NT#*23 Tk spaces for k=0,1,2

Definition 3.17

A Nano Nano

[Eh T8, o g L) }is called:

tri star topological space

(1) NT*123 —Tp if and only if to each pair of distinct
points x , y in U , there exists an NT*»; —
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open set containing one of the points but not the
other.
(1))NT*23—Ty if and only if to each pair of

distinct points x , y of U, there exist a pair of 123 -
open sets one containing X but not y and the

other containing y but not X .
(1ii)NT*23 —T; if and only if to each pair of distinct
points x , y of U , there exist a pair of

disjoint NT*»3-open sets one containing X and

the other containing y .
(iv)NT*123 -regular if and only if to each NT*i»3
closed set F and each point x £ F , there exist

disjoint NT*»3-open sets G and H such that x=G
andF cH .

Definition 3.17.

A Nano tri star topological spaces
[-Ef,f" Fuzgldhs ) is said to be NT*13gb —To space if
and only if to each pair of distinct points X , y in U ,
there exists a NT*23gb -open set containing one of
the points but not the other. Now we proceed to
prove that every tri- topological space is NT*,3gb —
To space.
Proposition 3.18.
If {x} is NT*;3gb -open for some X=U, then x
gcl({y})NT*23clgb, forally =x.
Proof:

Let {X} be NT*»3gb -open for some XU ,
then U — {x} is NT*23gb -closed, and
xEU —{x}. If X & NT*23 clgb({y}) for somey =X,
then y, X both are in all the NT*123gb -
closed sets containing y , so X& U—{x} which is
contraction, hence x #NT* 23 clgb({y})
Proposition 3.19.
In any Nano tri star topological space [\-EIf T8 o s bl }]
, any distinct
closures.
Proof:
Let X, y £ U with x=y , and let A = {x}° ,hence
NT*123CI(A) =AorU. Now, ifNT*123C|(A) = A, then
A is NT*53-closed, hence it is NT*,3bt -closed, so U
— A = {x} is NT*23gb -open and not containing y .
So by proposition (3.3), xENT*2; clgb({y}) and y
£ NT*1p3 clgb({y}),which implies that NT*»
clgb({y}) and NT*; clgb({x }) are distinct. If
NT*p23cl(A) = U ,then A is NT*23gb -open, hence
{X} is NT*123gb - closed, which mean that

points have distinct NT*;23gb -
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NT*123 clgb({x }) = {X} which is not equal to NT*»;

clgb({y})
Proposition 3.20

In any Nano tri star topological space [E‘f % s ‘;{}]

, if distinct points have distinct NT*23gb -closures
then U is NT*23gb — Ty space

Proof:

Let x, y € U with x =y, with NT*23 clgb({y}) is not
equal to NT*p23clgb({X }), hence there exists z= U
such that z = NT*;clgb({x }), but z & NT*;
clgb({y}) or z ENT*125clgb({y}),

z ENT*23clgb({X}), but z ENT*xclgb({X}) .Now
without loss of generality,

let z ENT*123clgb({x}) butz ENT*3clgb({y}).If z
ENT*23clgb({x}) ,thenNT*23clgb({X} )is contained
in NT*23clgb({y}), hence z ENT*23clgb({y}),
which is a contradiction, this mean that X
ENT*25clgb({y}) .hence x ENT*23clgb({y}°), hence
Uis

NT*123gb — Ty space.

Proposition 3.21

Every Nano tri star topological space is NT*23gb —
Tospace.

Proof:

Follows from propositions (3.19) and (3.20).
Definition 3.22

A Nano tri star topological space [\U,]:'m“ () is
said to be NT*23gb — T space if and only if to each
pair of distinct points x , y in X with x =y , there

exist two NT*23gb -open sets G , H such that xCG,
y€G and yH, x2H .

Proposition 3.23

Every NT*,23gb -Tispace is NT*23gb - Ty space.
Proof:

Follows from the definition of NT*,3gb — Tispace.
Proposition 3.24

In a Nano tri star topological space EU, T'Ress ;,}HJ ,

the following statements are equivalent:
(1)U is NT*3gb — Tspace.
(i))For each x£ U ,{x} is NT*23gb -closed in U .
(iii)Each subset of U is the intersection of all
NT*23gb -open sets containing it.
(iv) The intersection of all NT*,3gb -open
sets containing the point x£ U is {x}.
Proof:
{1} m (1)U is NT*123gb-T: space and let x, yg U
and x =y, then there exists an
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NT*23gb-open set, say Gysuch that y=G, .
Hence 'y £Gy ={X}“soy Gy ={x}‘ =U{ Gy
'y € {X}° }which is NT*,3gb -open,
so {x} is NT*23gb -closed in U .
{ily = {ili)Let A = U and yg A. Hence A —{y}°
and
{y}®is NT*23gb -open in U and
A= {{y}°:y= A° } which is the
intersection of all NT*;»3gb-open sets
containing A .

(i) = {¥)Obvious.

i) = {lil) Let x, y=U and x =y . By assumption,
there exist at least an NT*;23gb -open set
containing X but not y also an NT*gb -
open set containing y but not x .

i.e. Uis NT*3gb — T, space.
Definition 3.25
A Nano gb — tri star topological space

|L¥|. T By as I(f};l is said to be NT*3gb-T, if and only

if for X, y €U , x =V ,there exist two disjoint
NT*23gb -open sets G, H in U such that x £G and
yEH
Proposition 3.26

Every NT*3gb —T, space is NT*3gb —
Tispace.
Proof:
Let U is a NT*j»3space and let x,y in G with x =y,
so by hypothesis there exist two disjoint NT*,3gb —
T, space, say G , H such that x£G and y£H , but G
1H =¢, hence x&H and y#G, i.e. Uis NT*3gb —
T, space.
Definition 3.27
A subset A of a Nano tri star topological space

[E}‘,F' Eulzf}ll called NT*23gb -neighborhood of a

point XC X if and only if there exists an NT*3gb -
open set G such that xeGZA.
Proposition 3.28

In a Nano tri star topological space EUa g oo O8] J ’

the following statements are equivalent:
(1) X is NT*123gb — T2 space.
(i1) If xe X, then for each y = x , there is an

NT*123gb -neighborhood M(x) of x such

that y& NT*23gb (M(x))

(iii) For each xC {NT*;23gb(M)}={x} , where M is

an

NT*123gb -neighborhood of x .
Proof:
(i = {fiLetxe U, if y€ V with x =y ,then there
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exist disjoint NT*23gb -open sets G ,H in U
such that xeU and y£V .

Then xeG= U-H , hence U —H is an
NT*123gb - neighborhood of x , but U —H is
an NT*23gb -closed and y# U —H . Now

let M(x) =U —H , i.e. y& NT*123gb (M(x)).

{il} = ¢1il) Obvious.

(iif} = (1) Letx, y £ U and x = y . By assumption,
there exist at least an NT*23gb —
neighborhood M of x such that

y& NT*123gb(M), so x £ U-NT*123gb (M)

is T*123gb -open, but M

NT*23gb -neighborhood of x , hence there

exists an NT*,,3gb -open set U such that

x=GM and GriU NT*i23gb (M). i.e. U is
NT*123gb — T space.

Definition 3.29

A Nano tri-topological spaces EU, T hess ;}}j is said

to be NT*23gb -regular space if and only if for each

NT*123gb -closed set F and each point x£F , there

exist disjoint NT*23gb-open sets G and H such that

x£Gand F €H .

Proposition 3.30

A NT*23gb—T space is NT*123gb —T; space
if it is NT*23gb -regular space.

Proof:

Let U be NT*i23gb —T space and NT*23gb
-regular space. And let x, y= U and x=y ,
hence there exists an NT*3gb -open, say G
such that G contains one of x and y , say x
but not y , so U-G is an NT*,3gb -closed
and XU —G , but U is NT*23gb -regular
space, hence there exist disjoint NT*,3gb -
open sets H; and H, such that X=H; and

U -G cH;, hence x=H; and y=H, , i.e.U is
NT*123gb—T2.

Definition3.31

A map f: EU, T Reog i) | = ET.-’, TR o Wi | is called
NT*123gb -irresolute if the inverse image of every
NT*23gb -open set in Vis NT*123gb -openin U .

Proposition 3.32
I (F (U TR, @) = (Vo7g,, (8] s an
injective and NT*,3gb -irresolute map and V is
NT*123gb Ta space then U is NT*23gb— T, space.
Proof:

Let x, yeU and x =y , since f is injective,
then f (x) =f (y) , and since V is NT*123gb — T» ,
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then there exist disjoint NT*23gb-open sets U and V
such that f (x) €U and f (y) €V. Now let P=f '(G) and
Q=f""(H) hence xP, y=Q and P, Q are NT*,;gb
-open sets, with P 1 Q = f'(P) n £'(Q) = f'(P n
Q)=ai.e. U is NT*23gb — Taspace.

5. Conclusions

In this paper we introduced new type topology is
called Nano Tri star topology. and also we introduce
the concepts of NT*3 open, NT*;closed,
NT*23bclosed set andNT*23gbclosed set and some
of their properties are disscussed detaild.. Finally, we
hope that this paper is just a beginning of new classes
of functions, it will be necessary to carry out more
theoretical research to investigate the relations
between
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