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Abstract

In this paper, a hybrid linear multistep method with multiple hybrid predictors for stiff initial value problems
(IVPs) in ordinary differential equations (ODEs) is presented in this paper. The construction of these method is
based on interpolation and collocation approach. The stability of the method is investigated using the boundary
locus method and numerical experiments are demonstrated with respect to the method on stiff differential
equations. The results in the numerical illustrations are compared with ode15s of MATLAB CODE, and were
found to be in total agreement with each other.

Keywords: Collocation and interpolation, Linear multistep methods, Multiple hybrid predictors, Stiff differential
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1. Introduction

The interest in this paper is to develop hybrid linear multistep methods that approximate the solution of the stiff
initial value problems;

¥ ol vie) = v € R (1L

where 35X 1 [%g Zx] — BE™ in which

f= lxge %p]x E™ — E™is differentiable and continuous. Stiff initial value problems arise in areas such as
classical mechanics, chemical kinematics, Biological sciences etc. Several methods have been developed for
solving these class problems. These are found everywhere in literature like the work of [9], [11], [6], [5], [12]
etc. Hybrid linear methods are developed to circumvent the stability and order barriers theorem imposed by [3].
These methods are obtained by incorporating off-step points in the derivative process of the linear multistep
methods (LMM). Several works have been done on hybrid linear multistep such as [8] and [2] among others.
The hybrid linear multistep method considered in this paper is derived by incorporating an off-step point into the
[5], second derivative linear multistep methods (SDLMM) given as;

K
Vs = Bgmy Frag=1 T F’f;ﬁffmf 8 Pefien 1.3}

by adding an extra term #fy4y,, to the right hand side of (1.2). We obtained discrete hybrid linear multistep
schemes of the form;

k
Mi¥psk = Fusk-1tH Z ﬁfm}fn-u + Ff’f"léfﬂ:-wm R it (1.3}
fm
with the hybrid predictors given as;
&
HIl Fasv,, = Z 7 oy BB Tront BV + v+ BV ) (14
u
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i
M2 1 whets ¥ae, = Foskt hZﬁi"E fasy + R l}fmh £1.8)
g
The ¥ and By are hybrid parameters and are chosen

as Wy i - 1‘;‘2 T -ﬂ'-ﬂ b QL= 1, @ (0 k8w m f,0{1)k to generate nested hybrid predictors.
The parameter m is chosen asm = k& — 1. Where 374, is the numerical approximation to the exact solution
¥l2as) = Fasw o = ey Fan ) fasn = H¥nsmFasvn )
fatis ™ Fonan Frahfask= CdnsoFatchinss = tp -k b =dhe 2gqq — 2,
) ) fﬂ'l"u‘n_ f{:‘n-l-?_.' }rnhﬂ_} fn-l-vh_..,. = f{:‘n-l-‘ﬁ.,._.' Fasu, . }

and {'ﬁi‘ﬁﬂ}f‘..},fﬁi‘-u}l.q_ {'D: }l'ﬁ- Ff‘r’m ;fk_ ' "h , ﬁ: } g'bk’} and ﬁ'ﬁ‘f':' are continuous coefficients to be
determined. The parameter 1, provides grid point collation points, X yasu, »¥nsup Fusu,. 10 the open interval
£ e 1mq, %y=sl- i and k are the step-size and step length respectively.

Propositionl.
A hybrid linear multistep method version of (1.3) is said to be of order p if the associated local truncation error
is;

Llemz] = e=- {@':L"ﬁ‘ + Z {Eﬁﬁﬁfﬂﬁlz + ﬁ?',:f}ﬁ“) + EEF.E:‘“}EL“) {1.6)

1 .
for ., = k == satisfies;

Lleizl = CpaqzF*+ EI'EE': B! } with @44 as the error constant and z = A#.
Proof
Consider the scalar test problem

¥ mlyRefl) « 0 (1.7

where Ais a complex constant  — x -+ Iy to the IVPs in (1.1), assuming the coefficients F.Efﬁ, F'i;:.m&, ':ma, ﬁi are
known and the derivatives of the hybrid solution 3,4, is also known then Elw, m v, gwhere E is the shift

operator and Ef = ¢'#,z = 2k, Applying the method (1.4) to the scalar test problem (1.7) yields the local
truncation error of the method.

Elarlreki— (WrliE 4 g {‘Ef‘..;.ﬁi‘m?@“ -+ ﬁ?,"ff"") + EEF.E,_‘“?E*“)
[or vy = k—% , Expanding &%, &2 &% 1% and ¢*% in Taylor series, then the method of order F yields;
£lemzls CpalZF* -+ M{ZFP*),

The associated continuous local truncation errors for the methods in (1.3), (1.4) and (1.5) are respectively;

ALy BIM — Gpa WP (),

£l W11 = &F.”_mhi"*im}f!ﬂil;l;{xnl

Llyix): XlHZ = ﬂ'sr-l-:l.':ﬁh“ll:g}}’mr:::*}inl

For 2y = x = g4y and this shows that the order of (1.2), (1 3), (1.4), and (1.5) are respectively
o = k44, p' -k 4 and g2 = &+ 3 where {F,m::gﬂ and {gﬂ
schemes. With the error constant {;1, 1 multiple error constants are generated as shown in section two.

are the respective error constants of the

The outline of this paper is as follows; we started with the introduction of the paper in section (1). Section
(2) deals with the construction of the hybrid methods with some examples. The stability of the hybrid methods
are investigated in section (3). Section (4) displaces the boundary luci of the methods. Finally, graphical results
of numerical experiments on two stiff problems are presented and results compared with exact solution and
odel5s of MATLAB CODE suite in [10]
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2. CONSTRUCTION OF THE METHODS
The numerical solutions of (1.1) is assumed in the form of the polynomial interpolant

rix) m B apd 2.1}
where @ — & -+ the degree of the polynomial and is equal to the order of the method, x7is the polynomial
basis function and {ﬁ}-}i ,are the real parameter constant to be determined. Differentiating (2.1) yields
¥l = . p) = IR Jayul=s (2.2
#03 = Py} = Efupff - Dagel=S 23
From (2.2) atx = xp,,,_and interpolating (2.1) and (2.3) at & ®mag.pand x= xp,pf = @01} = 1 to obtain the
system of equations

1 Apakei Fﬁ-:r.n.lr_q i"h?r.ﬂn-q i :"i-lr":#_q | ¢ Eg ol b
o 1 230, EE s (o | f,
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[ [ [ 1 [ [ - i .47
0 1 Zapak  SWmae (k4 3mfis R fan
Q I B ey, BEEa ™ (ke + 3Ll T furvm
o i A
@ ® R T e e sk

Solving equation (2.4) with MATHEMATICA 10.0 software package, the coefficients &y, {j = 0{1J1k + 4] are
obtained and substituted into (2.1) and yields the continuous coefficients of (1.2) and we obtain the scheme in
B Yoy SugrSopvge Taske] = 0 1)k for specific k. The construction of the hybrid predictors in (1.2) and (1.3) are

similar to that of (1.2).

Methods applied in (1.3), (1.4), and (1.5) are of orderp=3, k=1
Vor <R30+ v, G=-g
with the hybrid
Faod = Yast B = =5 s
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Table 2: The Error Constants For The Hybrid Methods in (1.3) - (1.5)
k | Order p? P@) Cp+1(M) Cp+1(H1a) Cp+1(Hip) Cp+1(Hic) | Cp+1(H1a) H: SDLMM[5]
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Definition 1: A numerical integrator is said to be A-stable if the absolute values of the roots of the stability
polynomial of the numerical integrator lie in the open half of the complex plane C.

Definition 2:

%, w {Z1 |Azg{=2)| # o,z m ¢} is contained in the region of absolute stability. The largest ., is the angle of
absolute stability or argument of stability.

[13]. A numerical integrator is said to be A (u)-stable for some EE[;I.Iﬂf}]’ if the wedge

Definition 3: [11]. A numerical integrator is zero-stable if the roots of the first characteristics polynomials
satisfy |r,| # 1 with roots of |r;| = L being simple.

3. STABILITY OF THE HYBRID SCHEMES
Applying the resulting schemes for fixed ¥ to the scalar test problems ¥ = Ay, Befi} = @ yield the stability
polynomials as:
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The methods were found to be A-stable for ks § and A(w)-stable for k = § to k=10 where the computer could
not proceed with the computation. The figures below show the stability plot (boundary loci) of the methods.

4. STABILITY PLOTS OF THE HYBRID LINEAR METHODS

Figure
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The above figures show the region of stability of the hybrid schemes.

5. NUMERICAL IMPLEMENTATION

[5], [11] noted that linear multistep methods for stiff ODEs must be implicit and A-stable and therefore require
a scheme to resolve the implicitness. Therefore Newton- Raphson iterative scheme is used to resolved the
implicitness of the methods given as;

F;‘:Q? - F;-ih- bl E}-;f_ -IB "x}‘ﬁh}" S=0, 1,2 ...Where J (}ﬁd is the Jacobian matrix of the vector system of
the method.
T {}EJ - "ﬁh— [:“"nih-l + hizf;& ﬁfﬁ&i -+ ﬁ‘ri} f&ium)] - h:F.IL-m::' fﬂhthe starting value for the Newton -
Raphson scheme is generated from modified explicit one-step formulas;
o -{}rn-r-h& p=1

wl S le B Rf),  p=2

We considered two test problems in this paper to test the hybrid methods derived.
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Example 1.
Consider the nonlinear moderately stiff problems in formula [1978]
Fim =0y = 1888y,

¥y =200y
b3 (0=2 }';ED} =1
The exact solution is  yyf) = g=Ha.). g=2¥n and ¥yla) - a=dla
Using equations (2.1) — (2.4) with h=0.0001, we have the result of the example as shown graphically in Figure
1.
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Figure 1: Graphical result of Example 1

Example 2.
Consider also the Vander pol equation in Hairer and Warner (1996)

F1= ¥

Fy = [El - }ﬂ}'_?' }‘1}‘3 }'1’:9} =1,7(E=0
Similarly, using equations (2.1) through (2.4) with h = (.01 anda = lE}'l, we have the result of this example
as shown graphically in Figure 2.
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Figure 2: Graphical result of Example 2
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CONCLUSION

In this paper, we have presented new class of higher order A-stable hybrid linear multistep methods for stiff
initial value problems in ODEs. The schemes are found to be A-stable for k = 5 and Afec)-stable for k=6, 7, 8, 9
to where the laptop computer could not proceed with the computation due to the rigorous computations involved.
The new scheme has smaller error constants than the SDLM [5] as shown in Table (1). The methods have been
demonstrated on two stiff problems and the numerical results of the scheme coincide with the exact solution as
in figure (1) and ODE15s of MATHLAB as in figure (2) hence, compares favorably with ODE15s of
MATHLAB. This makes the new scheme suitable for stiff initial value problems in ordinary differential
equations.
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