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Abstract

A graph labeling is an assignment of integers to
the vertices or edges or both subject to certain
conditions. In this paper, we introduce the new
concept, an absolute difference of cubic and
square sum labeling of a graph. The graph for
which every edge label is the absolute difference
of the sum of the cubes of the end vertices and
the sum of the squares of the end vertices. It is
also observed that the weights of the edges are
found to be multiples of 2. Here we characterize
few tree graphs for cubic and square sum
labeling.
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1. Introduction

All graphs in this paper are finite and undirected.
The symbol V(G) and E(G) denotes the vertex
set and edge set of a graph G. The graph whose
cardinality of the vertex set is called the order of
G, denoted by p and the cardinality of the edge
set is called the size of the graph G, denoted by
g. A graph with p vertices and g edges is called a

(p.a) graph.

A graph labeling is an assignment of integers to
the vertices or edges. Some basic notations and
definitions are taken from [1],[2] and [3]. Some
basic concepts are taken from Frank Harary [1].
We introduced the new concept, an absolute
difference of cubic and square sum labeling of a
graph and we investigated few tree graphs for an
absolute difference of cubic and square sum
labeling.

Definition: 1.1
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Let G = (V(G), E(G)) be a graph. A
graph G is said to be absolute difference of the
sum of the cubes of the vertices and the sum of
the squares of the vertices, if there exist a
bijection f : V(G) — {1,2,~--------------- ,p} such
that the induced function f; ;. : E(G) —
multiples of 2 is given by fi;..s(uv) = f(u)®
+f(v)® - (f(u)® +f(v)?) is injective.

Definition: 1.2

A graph in which every edge associates
distinct values with multiples of 2 is called the
sum of the cubes of the vertices and the sum of
the squares of the vertices. Such a labeling is
called an absolute difference of cubic and square
sum labeling or an absolute difference of css-
labeling.

Main Results

Definition: 2.1

An (n,k) — banana tree, is a graph obtained by
connecting one leaf of each of n copies of a k-
star graph with a single root vertex that is
distinct from all stars.

Theorem: 2.1

The banana tree B(n,k) is the absolute difference
of the css-labeling.

Proof:

Let G = B(n,k) and let v;,vp,---------------- Vnks1
are the vertices of G.

Here[V(G) = nk+1 and| E(G)| = nk

Define a function f:V -={1,2,3,-------- ,nk+1}
by f(vi)=i,i=12---—-- Nk+1.

For the vertex labeling f, the induced edge
labeling f;.ss 1S defined as follows

faess [PG-vka1Visg-nies] = {G-Dk+Y {G-
1K} + {i+(-D)k+13i+(-1)k+1},
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fadess [Vi-1)k+2 Vnk+1l = {(i-Dk+2}* {(i-
1)k+1} + (nk+1)%(nk)
i=1,2,--—--k

All edge values of G are distinct, which are
multiples of 2.That is the edge values of G are in
the form of an increasing order. Hence B(n,k)
admits absolute difference of css-labeling.

Definition 2.2

Consider k — copies of path p, of length (n-1)
and star S, with m pendant vertices. Identify
one of the two pendant vertices of the j™ path
with the center of the j™ star. Identify the other
pendant vertex of each path with a single vertex
Uo (up is not in any of the star and path). The
graph obtained is a regular bamboo tree
B(k,n,m)

Theorem: 2.2

Bamboo tree B(k,n,m) is the absolute difference
of the css-labeling.

Proof:

Let G = B(k,n,m) and let vvp,----mmmemo- ,
1)+kme+1 are the vertices of G.

Here| V(@) = k(n-1)+km+lpnd E(G) = k(n-
1)+km.
Define a function f:V —{1,2,3,-------- , k(n-1)+km+1}
by

f(vi)=i,i=1,2,----, kK(n-1)+km+1.
For the vertex labeling f, the induced edge labeling fj .5
is defined as follows

fadess(Vi Vip1) = (i_*'l)zi*'iz(i'l) ;

i=1, 2, -=-mmmeemmeeee ,n-2,
=n,n+1, ------------- 2n-3
=2n-1, 2n, ---------- 3n-4
= (k-1)n-k+2, ------------ , kn-(k+1)

fadcssWjn-1) Vie(n=1)+(=1)m+i) = {(-)¥{i(n-1)-13 +
{k(n-1)+(j-1)m+i}*{ k(n-1)+(j-1)m+i-1},
j=1.2,
i=1.2, ,m.
f;dCSS(U1+(i—1)(n—1) Vi(n-1)kmt1) = {1+(-D)(-D¥{(i-
1)(n-1)} + {k(n-1)+km+1}*{ k(n-1)+km} ,
i=2,
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All edge values of G are distinct, which are
multiples of 2.That is the edge values of G are in
the form of an increasing order. Hence B(k,n,m)
admits absolute difference of css-labeling.
Definition 2.3

A coconut tree graph CT(m,n) is the graph
obtained from the path P, by appending m new
pendant edges at an end vertex of Py,.

Theorem: 2.3

The graph CT(m,n) is the absolute difference of
the css-labeling.

Proof :

Let G = CT(m,n) and let v;,vy,---------------- ,

the vertices of G.

Here [V(G] =n+mand |E(G) =n+m-1

Define a function f: V — {1,2,3,-------- , n+m} by
f(vi) =i, i=12--—,

For the vertex labeling f, the induced edge labeling f,; ;.5

is defined as follows

fadcss @i vipr) = (i+1)%i+(i-1)
3 n-1

fadessWn Vasg) = NA(0-1) +(n+i)¥(n+i-1)

All edge values of G are distinct, which are
multiples of 2.That is the edge values of G are in
the form of an increasing order. Hence CT(m,n)
admits absolute difference of css-labeling.
Definition 2.4

The (n,2) - centipede tree, C, 2, is the graph with

V(Cn2) ={V1,Vp,-mm--mmmmmmmmmeees Vin},

and E(Cn2) = {V3k-1 Vak-2, V3k-1 Vak , K = 1,2,-------
---N} U {Vak1 Vakse2 , K= 1,2,---------- n-1}
Theorem: 2.4

The graph C, is the absolute difference of the
css-labeling.

Proof :

Let G = Cpp and let vy,vy,----mrmmm-mmmm- ,
are the vertices of G.

Here [V(G] =3nand |E(G) =3n-1
Define a function f: V — {1,2,3,-------- , 3n} by
fvi)y=1i,i=12---—-- ,3n.
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For the vertex labeling f, the induced edge labeling fj .5
is defined as follows

fadessWi Vip1) = (i+1)%+i%(i-1)

=123 n-1
fadcss @i Vasd) = P(i-1) +(n+i)(n+i-1)
i=1,2-------- n
faacss Wi Vanys) = E(i-1) +@n+)(2n+i-1),
i=12--—- n

All edge values of G are distinct, which are
multiples of 2.That is the edge values of G are in
the form of an increasing order. Hence Ci.
admits absolute difference of css-labeling.
Definition 2.5
In the (n;k;m)-double star tree we have a path
of length n whose end vertices vl and vn are the
central vertices for stars on k and m vertices
respectively (not including the other vertices on
the path).
Theorem: 2.5
The (n; k;m)-double star tree is the absolute
difference of the css-labeling.
Proof :

Let G be the (n; k;m)-double star tree
and let vy,vy,----mmmemmeemeen Vnekem-2 are the vertices of G.
Here V(G) =n+k+m-2and |E(G)| = n+k+m-3.
Define a function f: V — {1,2,3,-------- , N+k+m-2} by

fivi)=i,i=12------ ,n+k+m-2.

For the vertex labeling f, the induced edge labeling f,; .5
is defined as follows

fadess(Vi visr) = (i+1)%i+i%(i-1)

i = 11213, """""" ,n-l
fadcss (V1 Vnys) = (H)(n+i-1)
i = 11 21 """"""" ,k'l
fadcssWn Vnsrsior) = N2(0-1) + (n+k+i-1)°(n+k+i-2) |
i = 1121 """"""" ,m'l

All edge values of G are distinct, which are
multiples of 2.That is the edge values of G are in
the form of an increasing order. Hence (n;k;m)-
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double star tree admits absolute difference of
css-labeling.

Theorem: 2.6

The Twig Graph is the absolute difference of the
css-labeling.

Proof :

Let G be the twig graph and let v;,vy,--------------
,\Van.4 are the vertices of G.

Here [V(G] =3n-4and  |E(G)|=3n-5.
Define a function f: V — {1,2,3,-------- , 3n-4} by
fvi)y=i,i=12---—-- ,3n-4.

For the vertex labeling f, the induced edge labeling £, j¢ss
is defined as follows

fadcss Wi vier) = (i+1)i+i(i-1)
i =1,2,3,------mmmmmeee- n-1
f;dcss (Vi Vngio1) = i?(i-1) +(n+i)’(n+i-1)

i=2-—- ,n-1

f;dcss(vi Vonsioz) = iz(i'l) +(2n+i)2(2n+i'1) )
i=2-—- ,n-1

All edge values of G are distinct, which are
multiples of 2.That is the edge values of G are in
the form of an increasing order. Hence Twig
graph admits absolute difference of css-labeling.

Example 2.1

V7 Vg
[ J [ J
V1 Vo / V3 / Vg
[ .\ .\ [ J
[ J [ J
Vs Ve

Definition 2.6 An (n,k) -firecracker is a graph
obtained by the concatenation of n k-stars by
linking one leaf from each

Theorem: 2.7
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Fire cracker graph F,« is the absolute difference
of the css-labeling.

Proof:

Let G = Fnx and let vq,vy,--------mmmmeenn Vo are the
vertices of G.

Here [V(G)] =nkand | E(G)| = nk-1.
Define a function f: V — {1,2,3,-------- ,nk} by
f(vi)=i,i=12--—--- nkK.

For the vertex labeling f, the induced edge labeling f,; ;s
is defined as follows

fa*dcss (Vjer1 Vjkyizr) = (k+1)%(K) + (k+i+1)*(ke+i).

j=0,1,2,3 n-1
i=1,23, k-1
fadacss Wi V(e = (K (ik-1) + {(i+1)k}P{(i+1)k-1}.
i=12---—--- ,n-1

All edge values of G are distinct, which are
multiples of 2.That is the edge values of G are in
the form of an increasing order. Hence Fk
admits absolute difference of css-labeling.
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