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Abstract: In this paper we study η-recurrent and ϕ-recurrent generalized k,µ )- space forms. We prove that 
generalized (k,µ )-space-form has η-parallel Ricci tensor  then it is constant. Also we study in a  ϕ-recurrent 
generalized (k,µ )-space-form, characteristic vector field and the vector associated with 1-form are co-
directional. 
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1. INTRODUCTION

A generalized Sasakian space form was defined by Carriazo et al. in [1], as an almost contact metric 
manifold ),,,,( gM ηξφ  whose curvature tensor R  is given by  

,= 332211 RfRfRfR ++  (1.1) 

 where 321 ,, fff  are some differentiable functions on M  and 
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(1.2) 

 for any vector fields ZYX ,,  on M . In [2] , the authors defined a generalized ),( µk  space form as an almost 
contact metric manifold ),,,,( gM ηξφ  whose curvature tensor can be written as  

,= 665544332211 RfRfRfRfRfRfR +++++ (1.3) 

 where 654321 ,,,,, ffffff  are differentiable functions on M  and 321 ,, RRR  are tensors defined above and 

,)(),()(),()()()()(=),(
),(),(),(),(=),(

),(),(),(),(=),(

6

5

4

ξηξηηηηη
φφφφ

XZhYgYZhXghXZYhYZXZYXR
hXZhYghYZhXghYZhXghXZhYgZYXR

YZhXgXZhYghYZXghXZYgZYXR

−+−
−+−

−+−

 for any vector fields ,,, ZYX  where φξLh =2  and L  is the usual Lie derivative.This manifold was denoted 

by ),,,,,( 654321 ffffffM . 

Natural examples of generalized ),( µk  space forms are ),( µk  space forms and generalized Sasakian space 

forms. The authors in[1] proved that contact metric generalized ),( µk  space forms are generalized ),( µk

spaces and if dimension is greater than or equal to 5, then they are ),( µk  spaces with constant −φ sectional 
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curvature 1.2 6 −f  They gave a method of constructing examples of generalized ),( µk  space forms and 

proved that generalized ),( µk  space forms with trans-Sasakian structure reduces to generalized Sasakian space 

forms. Further in [2], it is proved that under −aD homothetic deformation generalized ),( µk  space form 

structure is preserved for dimension 3, but not in general. Another interesting and important class of manifolds is 

a class of manifolds of constant curvature. T.Takahashi [6] introduced the notion of locally ϕ-symmetry on a 

Sasakian manifold. Generalizing the notion of ϕ-symmetry , De and co-authors [7] introduced the notion of ϕ-

recurrent Sasakian manifold. We use to study Ricci tensor of the space-form and  characterize such space-forms 

to have η−recurrent and η-parallel Ricci tensor. Motivated by the above studies, In this paper we study η-

recurrent and ϕ-recurrent generalized (k,µ )- space forms. We prove that in an  η-recurrent generalized (k,µ )-

space-form the 1-form A is closed and  the generalized (k,µ )-space-form has η-parallel Ricci tensor  then it is 

constant. Also we study in a  ϕ-recurrent generalized (k,µ )-space-form, characteristic vector field and the vector 

associated with 1-form are co-directional. 

 

2.   PRELIMINARIES 
 A (2n+1)-dimensional Riemannian manifold ),( gM  is said to be an almost contact metric manifold 

if it admits a tensor field φ  of type (1,1), a vector field ξ , and a 1-form η  satisfying  

 0,=0,=1,=)(,=2 φηφξξηξηφ ⊗+−I  (2.1) 
  

 ),()(),(=),( YXYXgYXg ηηφφ −  (2.2) 
  

 ).(=),(0,=),(),,(=),( XXgXXgYXgYXg ηξφφφ −  (2.3) 
 Such a manifold is said to be a contact metric manifold if Φ=ηd , 

where ),(=),( YXgYX φΦ  is the fundamental 2-form of M . 
It is well known that on a contact metric manifold ),,,,( gM ηξφ , the tensor h  is defined by 

φξLh =2  which is symmetric and satisfies the following relations.  

 0,=0,=,=0,= htrhhhh ηφφξ −  (2.4) 
  

 ).,(=)(,= YhXXgYhXX XX φηφφξ +∇−−∇  (2.5) 
 In a 1)(2 +n -dimensional ),( µk -contact metric manifold, we have [5]  

 1,,1)(= 22 ≤− kkh φ  (2.6) 

 ),)((),(=))(( hXXYYhXXgYX +−+∇ ηξφ  (2.7) 
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 (2.8) 
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 Definition 2.1: A contact metric manifold M  is said to be  
      (i) Einstein if ),(=),( YXgYXS λ , where λ  is a constant and S  is the Ricci tensor, 
      (ii) η -Einstein if )()(),(=),( YXYXgYXS ηβηα + , where α  and β  are smooth functions on  M .  
 
 In a 1)(2 +n -dimensional generalized ),( µk  space-form, the following relations hold.  

],)()()[(])()()[(=),( 6431 hYXhXYffYXXYffYXR ηηηηξ −−+−−  (2.9) 
  

,)(]1)(2[3
]1)[(2]3[2=
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−+−
−−+−+

 (2.10) 
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 (2.11) 

 
),()(2=),( 31 XffnXS ηξ −  (2.12) 

 
],231)[(22= 321 fffnnr −++  (2.13) 
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                                                     (2.14) 

 for any vector fields ZYX ,,  where Q  is the Ricci operator, S  is the Ricci tensor and r  is the scalar 

curvature of ),...,( 61 ffM . 

The relation between the associated functions 1,...,6=, ifi  of ),...,( 61 ffM  was recently discussed 
by Carriazo et al. [5].  
 
 

3.  η -RECURRENT GENERALIZED (k,µ  )-SPACE-FORM 
 
 
Definition 3.1: A (2n+1)-dimensional generalized (k,µ)-space form is said to have 
 
η-recurrent Ricci tensor if there exists a non-zero 1-form A(X) such that 
 
 

( )( ) ),()(, ZYSXAZYSX =∇ φφ  (3.1) 
 

If the 1-form vanishes on M then the space-form is said to have η-parallel Ricci tensor.  
The notion of η-parallel Ricci tensor was introduced by Kon in the context of Sasakian 
geometry [4]. 
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From (2.11) we have  
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Suppose that the space-form has  η- recurrent Ricci tensor. Then in view of (3.1) and  
(3.2) it follows that 
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(3.3)           

 
Replace X by ϕ X  and Y by ϕ Y   in (3.3) , we have 
 
( )( )[ ] ( )( )

( ) ( ) ( )( ) ( )[ ].),()12(),(32)(
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                                                                                                                                 (3.4)                        
By taking ieYX ==  in (3.4) and summing over i = 1, 2,…..2n + 1, we obtain   

( )( ) ( )( )321321 3232 ffnfWAWffnfd −+=−+  .           .                             (3.5) (3.5)  

Let fffnf =−+ 321 32   then (3.5) reduces to   

             ( ) ( )WdfWfA = .                                                                                         (3.6)                                                                              (3.6)  

Then from (3.6) we obtain   

( ) ( ) ( )( ) ( )YWfdfWAWAYdf Y ,2=∇+ .                                                      (3.7) (3.7)  
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Interchanging Y and W we get   

( ) ( ) ( )( ) ( )WYfdfYAYAWdf W ,2=∇+ .                                                      (3.8) (3.8)  
 
 
 
Subtracting (3.8) from (3.7) we get  

 ( )( ) ( )( ) 0=∇−∇ WAYA YW .                                                   (3.9)              (3.9)  
Hence the 1-form A(W ) is closed.  
 
Thus we have the following 
 
 
Theorem 3.1: In an  η-recurrent generalized (k,µ )-space-form the 1-form A is closed. 
 
 

Since A(W ) is non-zero, equation (3.5) leads us to state the following: 
 

 
 

Theorem 3.2: If a (2n+1)-dimensional generalized (k,µ)-space-form has η-recurrent 

Ricci tensor then 321 32 ffnf −+   can never be a non-zero constant. 

 

Suppose Ricci tensor is η-parallel, ie., ( )( ) 0, =∇ YXSW φφ   and taking ieYX ==  in 
 
(3.2) and summing over i = 1, 2, …..2n + 1,  we obtain  

              ( )( ) 032 321 =−+ Wffnfd .                                                     (3.10)                

it implies that 321 32 ffnf −+  is constant.  
This leads the following:  
 
 
 
Lemma 3.1: A (2n+1)-dimensional generalized (k,µ)-space-form has η-parallel Ricci 

tensor then 321 32 ffnf −+  is constant. 
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Again from (2.11) we have 
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 (3.11) 
 
 

By using above lemma(3.1) and taking ieYX ==  in (3.11) and summing over 
i = 1,2,…..2n + 1,  we obtain  

[ ]( )ZfnfdZdr 32 )12(3)( −+−= ,                             (3.12)  
 
 
which implies that,      

[ ]32 )12(3 fnfr −+−=     .     

Hence we  can state that 
Theorem 3.3: A (2n+1)-dimensional generalized (k,µ )-space-form with η-parallel 

Ricci tensor then [ ]32 )12(3 fnfr −+−=  

 
 

 
4.  ϕ-RECURRENT GENERALIZED (k,µ  )-SPACE-FORM 
 

 
Definition 4.1: A (2n+1)-dimensional generalized (k,µ)-space form is said to have 
 
ϕ-recurrent if there exists a non-zero 1-form A such that 
 
                ( )( )( ) ZYXRWAZYXRW ),()(,2 =∇φ ,                                                      (4.1) 
For an arbitrary vector field X,Y,Z and W. 
 
Two vector fields are said to be co-directional, if fYX =  where f  is a non -zero 
scalar, ie.,  
                ),(),( ZYfgZXg =                                                                                  (4.2) 
 For all X. 
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Now from (2.1) and (4.1), we have  
 
( ) ( )( )( ) ( ) ( )ZYXRWAZYXRZYXR WW ,,),( −∇=∇ ξη  .                                          (4.3) 
 
From (4.3) and the Bianchy identity we get 
 
( ) ( ) ( ) ( ) ( ) ( ) 0),(),(),( =++ ZXWRYAZWYRXAZYXRWA ηηη .                           (4.4) 

 
By virtue of  (2.14) , we obtain from (4.4) that  
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Putting ieZY ==  in (4.4)  and taking summation over i, 121 +≤≤ ni  , we get 
 

( ) ( ) ( )[ ] 0)()(2 31 =−− WXAXWAffn ηη .                                                                (4.6) 
 
 
If ( ) 031 ≠− ff , then    
    ( ) ( ) )()( WXAXWA ηη =                                                                                      (4.7) 
 
For all vector fields X,W. 
 
Replacing X by ξ   in (4.7) we get 
 
                   ( ) ( ) ( )WWA ηρη= ,                                                                              (4.8) 
 
where ),()( ρXgXA = and ρ  is the vector field associated to the 1-form A . 
Thus we can state the following 
 
Theorem 4.1:                                      
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In a ϕ-recurrent generalized (k,µ)-space form, the characteristic vector field ξ and the 
vector field ρ  associated to the 1-form A are co-directional and the 1-form A is 
given by (4.8), provided ( ) 031 ≠− ff .
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