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Abstract

In this paper we will propose a direct method which is accurate and fast to solve the equations of the second
degree in the general case (which means with complex coefficients). we will also propose an algorithm that
will make our calculations more easy.
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Let the equation:
0zl +bz+c=0 (1)

with (a,b,¢) e C* xC x C

I. Recarr

See [1].
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Let A € C such that A = b? — 4ac.
We have two cases:

1. Firstcase: If A e R
IfA €RT,

soz:_—bzi—ﬂ‘/s.
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andif A € R~,
s0z = iiz’g@, with i such that 2 = —1.

we can generalize:

_1—signe(A)
—bxi— T /|A
: = Al aer

zZ=

2. Second case: If A € R

A # R means that A € C\R
so 6 € C such that

& =A =1 —dac
In C, J still exists. It's the second root (or the square root) of A.

If § is a second root of A, then —4 is also, because (—48)% = 62 = A.
So, 0 and —& are the only two roots of the equation X2 = A.
Hence, we simply find one of the roots: § or —4.

Therefore,
b\2 &2
\' — (Z+ E) = m
b 4]
= I+ —=xT—
+ 2a 2a
Conclusion:
L ==
T 2a

with § a second root of A.
Remark 1. When we write A in the exponential or geometric form, then to determine & as A = re® or
A =r(cos (8) +isin(8)) we just take 6 = :t\/?ei%
Remark 2. It is not easy to determinate & in function of A especially when we cannot write it in the
exponential or the geometric form.

II. CONTRIBUTION

In this section, we will solve the problem cited in Remark 2}
We suppose that A € C\R and we cannot write A in the exponential or the geometric form.

Hence, 3(a, ) € R x R* / A = a +ip ( which means A is a complex not real with  # 0).

Thereafter, we write § in the algebraic form & = x + iy and we try to find a couple (x,y) € R?
such that (x +iy)* = a +ip.

This step is a bit long, especially with the distressing calculations that repeats every time when

practical work, specially when it comes to teach students how to find § by hand.

This article aims to find once and for all § in function of A and therefore result in a direct
algorithm, exact and very fast for us to determine the solutions of (T).
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i. Algorithm

—a,b,c
— A =b%—dac _
SifAeRsoz= 2T VB
A +A
- 0= —"
— else JJQI_!ZM
—z="32 end
with
[[All = \/Re(A)2 + Im(A)? (A’s module)

Re(A) (The real part of A)
Im(A) (the imaginary part of A).

So we have two important operations when A € C\R:

All+A
1. To prove that 62 = A when 6 =

JIA[[+Re(A) *
18]+ Retd)

2. How to find this "magic” formula? (optional but very interesting when we talk about

pedagogy).
ii. Proof
laj+a 2
o 52— (= 2 ([|Al=A?
We have §° = (\/nm wr) = AMaT+ReaD
81+ Re(a)
so §2 = VAP H(tip) 2 (atiB) Vel + 2
- (/02 +2+u
2 a2 Bl 2inp B 12(atip) N
hence §° = 2/ )
o g i (eI
- (/a2 42 +a)
o 52 = Matip)Hatip)y/ o+ B Vel
BT
2 (a+ip) |a+/oT+ B2
@8 =

=8 = (a+ip)
282 =A
Of course, we do not forget to check that

[|A]l + Re(A) > 0 (for to be defined).

J]Alzﬂ
In fact,
[[A]] + Re(A) = y/at + B>+
We have /a2 + B2 > vaZ = |a| > —a (it's obvious)
soal+ Bl > —a = /a2 + B +a >0
Now, we suppose that /a2 + I+ & =0
=+ =
—al 1+ pt=a?

= p=0=p5=0
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B is the imaginary part of A
50
B=0=A=acR

since A € R (A € C\R)

absurd!

hence /a2 + B2 +a # 0

Conclusion

|A]l + Re(A) = /a2 + B2 +a > 0.
]

iii. The "How?"

As we said in the beginning, to find 6, 6 = A we have to find (x,y) € R?/ (x +iy)> =a +ip
= ¥+ 2ixy — 2 = a+ip

{xzfyz —a

2y =P
=& =pandy? =x? —u

= dx?(x? —n) = p?
2
s_ 2 B @)

(3) is a polynomial equation of degree 4 but we quickly notice that it also falls within the
second degree by taking as variable X = x? (called Bi-square equation).

Hence,

=0and X = »?

T

= X2 _aX -
s0 we have

2
Bx = AP =+ (= (~2)* = 4(-Fr))
(@, ) e R xR* = Ax € R}
X = atyAy _ aty/al+p?

_ Re(a)=]A|
= X ="""5 .

we have already shown that
Re(A)+ Al >0

As the same way we show that
Re(A) —||All <0 &)

because on one hand we have:

Re(A) =a < |a| = Va2 < /aT+ B2 = ||A|

.
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On the other hand,

If

Re(a) - A =0,

then

o= /a2 + p2
— a2:ﬁ2+ﬂ2:}ﬁ:0:}ﬁemﬂbsurd!
Therefore

Re(&) — | Al £0

hence
Re(A) — Al <0

As X =x2 >0,
then
X = Rel)lal

hence
& R ]

Now we have to determine i by respecting our constraints:

2 _ _ (3)
{x nyz :E — yzzxz_a
vy = signe(xy) = signe(B)
=P =X-a= Re(Aj;—HAl — Re(A)

_ LA Re)

:>y2

and w > 0 (according to (&)

e
y= 2 [BIEE

Therefore, we have the two couples of solution:

2 _
s _{ Ax _ /e
y = signe(B)y/ 1A%
Or
y = —signe(p) lA]l - Re(A)
hence,

§==+( /IA[l+Re(A) + signe(p)i / \ﬂ”—Rt’(A))

—
Al +Re(A - B Al2—Re(A)?
5—:|:(” HRE®) | gjome(B)iy/IBE-REGE)
- \/ [A]=Re(a)
Al Re(a)
(Multiplying and dividing by 1/ [2L5R4A) which is different from zero)
—
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5= i(w +signc(,8)i\/7“2_*ﬁf’_“2)
[|A][+Re(A)
lAJRe(A)

—
1 Al + Re(a) |8l
d==+ i 18]
\/HA||+R9(A)( 2 + signe(B)i=-)
B+ Rel2)
but
signe(B) Bl = p = Im(4)
then,
S=4+ 1 (||’—'\‘||+RE(A)+11m(A))
\/M 2
lAlRe(a)
Conclusion:
|A]+4
&= j:%
\/m
s
|

III. Examrres

i Example 1:

To solve in C the equation:
4i22 +2(1+6i)z24+2(—1+7)) =0 (5)
We will simplify the equation (5):
2022 4 (146i)z+(=1+47i) =0
We have A = (14 6i)% — 8i(—1+7i)

A=1-36+12i+8i+56

A = 21 4 20i (It is impossible to write it in the exponential or the geometric form).
By applying our formula:
[A]+A

+ £
/ IAl[+Re(a)
]

la]] = 212+ (20)7 = /441 + 400 = /841

we have

then
[|A] =29
therefore,
29421420 .
soZEE_ B0
[294+21 v/
‘Ef 2
=
6 ==£(5+2i)
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— (1+6i) + (5 +2i)
4

S= {—1—i.—2+%i}

4ifz — (=1—1)] [z = (=24 30)] = 4iz? +2(1 + 6i)z +2(—1 4 7i).

zZ=

Conclusion:

We can verify that:

ii. Example 2:

To solve in C the equation:

22— (24i)z42=0
Wehave A= (2+i)2 —4x2i=4—-1+4i—8i

=
A=3-4
= [|A|=v9+16
= [A]| =5
50
lA]l+A 5+3-4i
A==+ Z =x z
[ IAl+Re(A) 543
—r pl
= 42
— 21
A==+ 57— = +(2-1)
=
L= @HDER-D)
- 2
=
5=1{i2}

We can verify that

(z—i)(z—2) =22 - (24i)z+2i

IV. ConcLusioNn

1. Ultimately,

e We gave all the fast and efficient methods and formulas to solve an equation with
complex coefficients.

e We found the general formula that gives us the second roots ( square root) of a complex
number.
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So, leta € C\R,
then

[l +a
felox

||| +Refa)
g )

2. Tt remains to find & in function of the coefficients a, b, ¢ (directly from the coefficients of the
equation like the usual A = b% — 4ac).

X—ae—=X=%
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