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Abstract: In this paper we study the asymptotic behaviour of a subharmonic
functions of order less than half which are extremely to well known inequality usually
refered to as the “cos mp Theorem” due to Winman [1] and Valiron [2] and describe the
regularity of related quantities. If U = log| f|, where f is entire functions, the extremal
problem for the cosmp theorem has been studied by Drasin and D.F Shea [3]. The
purpose of this paper is to obatain similar results for arbitrary subharmonic function
extremal to the cosmp theorem.
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1. Introduction

Let U be a subharmonic function in the complex plane and

2T
N(r,u) = 5= [u(re®)dd, B(r,u) = sup u(z) and A(r,u) = i?f u(z).
0 |z|=r Z|=r

The Nevanlinna characteristic T'(r, u) of u is defined by

T(r,u) = N(r,u)
and the order p of u by

, logT (r,u)
p = lim sup—————.
r—00 logr

if p is finite, T(r,u) has sequence of Polya Peaks {r,} of order p, that is,
o
T(ryu) < (1+ en)<

for some sequence ¢, — 0 and €,r, — 00 as n — oo (for the proof see Edrei [1], W.

Hayman [2]).

Let {r,} be a sequence of Polya peaks for T'(r,u) of order p, and set
B=im{f € (—m, 7|U(re®) > 0},n=1,2,3...
where m is the Lebesgue measure on the real line. Put gy = liminfg,, 0 < G, <,
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then we have a subsequence {r,, } of {r,} such that ,, — f, as k — oco. Since a
subsequence of {r,} is also a sequence is also a sequence of Polya peaks for T'(r,u), we
assume that 5, — [y as n — oo.

We note that by A. Baernstein [3] (spread theorem)

(1)

N —

Bo=m for 0<p<
Let u be a subharmonic function of order p, 0 < p < 1. Winman [4] and Valiron [5]

proved that

A
lim sup (r,v)

00 (r,u)

> cosTp, (2)

is sharp, this result is usually referred as the “cosmp-Theorem”.

If u = log|f| is extremal, that is, if equality holds in (2) Drasin and D.F. Sheal6]
have studied the asymptotic behaviour of the function f. In this paper we use con-
volution inequality due to M. Essén, J. Rossi and D.F. Shea[7] via normal family of
subharmonic functions extremal to (2) near Polya peaks. We will also see that the
extremal functions are in some sense extremal to the well known sharp inequalities due
to Paley[8], Ostroviski[9] and Edei[10]. The method employed here indicates how con-
volution inequalities are powerful tools in extremal problems. We state our main result.
Theorem 1.1 Suppose u is a sub-harmonic function of order p, 0 < p < % and
{rn} a sequence of Polya peaks of order p. If u is extremal for (2) that is

limsup% = cos(mp), then
. B(rrp,u) _ wprf
(CL) nh%rgo T(rnw) sifwrp’ (0 <r< OO)
3 T(rranw) _ o _ 1 N(rrp,u)
(b) lim Fey == lim 755 and

(c) there is a subsequence I of the positive integers such that
u(rrpe®) = (I + o(I)T (1, u) 22 cos(p(§ — @) as n — oo, n € I for almost all

SinTp
0,10 — a| <7 and for some a € (—7, 7.

1 Some facts we need to prove the theorem 1

a) The star-function. Let u be a subharmonic function in the complex plane. Follow-
ing A. Baerstein[11] we define the star-function of u by:
u*(re) = supy= [u(re*dg, where the supremum is taken over all measurable set E,

E
with mFE = 260, where m is the Lebesgue measure on R. It is proved that
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0
u*(re?) = —/u (re'®)dg
T
0

where, ¢ — u(re?) is the symmetric decreasing rearrangement of u(re®) on [—, 7. A.
Baerstein[11] proved that «* is subharmonic in the upper half plane 7+ and continous
closure of 7+ except possibly at the origin, and that the supremum in (4) is attained
in some set F C [—7, 7| From the definition of T'(r,u), we have

T(r,u) = max w (re?),  (0<6<7), N(ru)=u*(re?) (3)
o .

B(r,u) = ‘Sz1|13 u(z) = ETk (re') . (4)
- O . o

A(r,u) = |i|n=fr u(z) = W%u(re ) . (5)

b)We also need the following result due to Anderson, J.M and A. Baernetein [12]. Let
u be subharmonic function in the plane of order 0 < p < oo and {r,} a sequence of
Polya peaks for T'(r,u) of order p.

Set u, = %, n =1,2,3,... Here we have T(r,u,) = 7;((7’:—%‘)), B(r,u) = %,
and
ui(Z) = % Anderson J.M and A. Baerstein [12] have proved that there is a sub-

harmonic function v and a subsequence I = {n;} of positive integers such that the
following statements hold as n — oo in I:

(i) lim [ |u,(re?)—v(re?)|dd = lim N(r, |u,—v|) = 0,0 < r < oo, (6)
n—oo n—00
(27) lim T'(r,u,) =T (r,v) <P, (7)
n—oo
(i43) lim N(r,r™) = N(r,v). (8)
n—oo

Since T'(I,u,) = 1, it follows from(ii) that T'(/,v) = 1. We refer to the subhar-
monic function v as the limit function of u . We remark that if u is subharmonic of
order p, 0 < p < 1, then by (1), 8, —  as n — oo and using (6) one can show (for
the proof see Seid[13])

that

wh(e™) — v*(e™) = las n — oo. 9)
We restate Theorem 1.1 in terms of the limit function v of u.
Theorem 2.1 Let u be a sub-harmonic function of order p, 0 < p < % and {r,}

a sequence of Polya peaks of order p. if u is extremal to (2) and v is a limit function
of u, then
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(a)B(r,v) = 2~

sinpm’

(b)A(r,v) = mprP==ZL

sinmp’
(¢)N(r,v) =r?=T(r,v),(0 <r < o),
(d) if n(t) is the Reisz mass in the ball B(0,t) then n(t) = pre,

(e) v(reitheta) = ;Z;pcosp(H — )| —7| <=w, for some «ac€ -7, ).

Thus, if u is extremal to (2), then the above theorem implies the limit function v
of u satisfies:

(z)gg:z)) = S;mp, whic shows that v is extremal to inequality.

lim in f= B, “) < 2 due to Paley [8].

500 — sinmp
(ii) At > pALST2 that is v is extremal to the inequality lim supat® > rp cosp
T(r, u) sinpip’ r—00 T(ru) = SZ?’LZp

due to Ostrovisklii [9] and Edrie [10],

(m)gg ; = cosmp.... that is extremal to the cosmp inequality
Alru)

lim supg > cosmp. due to Valiron and Wiman.
rooo 1 Blru)

All the above equalities shows that in some sense if u is extremal to Valiron and
Wiman inequality, then it is extremal to Paley inequality, and to the Ostrosvisklii and
Edreii inequality.

Proof of Theorem 2.1:

We shall prove Theorem 2.1, and Theorem 1.1 follows from (6), (7) and (8).

Lemma 1. Let u be a subharmonic function of order 0 < p < %, and {r,} is a sequence
of polya peaks for T'(r,u) of order p. If v is a limit function of u, then

B ns
lim B(r,u,) = lim Blrra,u) = < =
n—00 n—00 T(T,“u) stnmp

(10)

Proof. Fix r > 0 and put B(r,u,) = u,(re’"),a, € (—m,7l,n=1,2,3, ....
Assume «,, — Qo as n — 00. The for s > r, we have

B(r,u,) < & f U, (s€)P.(0 — ) db

where, P, is the Poisson kernal. By (6) and the dominated convergence theorem, we
have
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™

1 .
lim supB(r, u,) < 2—/v(sel9)Pr(9 —a)df < B(s,v)
n—0o0 T s

Since this holds for any s > r and B(s, v) is a continous function of s, letting s approach
r and by (16), we get

lim B(r,u,) < B(r,v), (0<r < o0) (11)

n—oo

Now fix r > 0 arbitrary. Put B(r,v) = v(re?) for a € (—m, 7. Then for any s > 0, we
have

27

B(r,0) < %/v(sew)Pr (0 — a)db.
/7T S
0

Again using (6), we obatin

2m 2m
1 , 1 .
Py v(se?)Pr(0—a)df < Q—/Un(SGZQ)PT(Q—a)dQ—l-O(l) < B(s,u,)+o(1) as n— oo
™ s T s
0 0
Consequently,

B(r,v) < li_>m infB(r,uy,) (12)

The result follows from (11) and (12). To see the remaining inequality, let v* be the
star-function of v. then by phragme’n Lindelot principle, we have

, sinpt

0<6<m (13)

v*(ret?) < rP 2
sinmp

Thus Zv*(re'?) 9 < s;j;’p and this implies by (4) that
=0

o
B(r,v) < -2

sinmp
We need the following convolution inequality due to Esse’n, Rossi and Shea 7]

Let u = w1 — up be a ¢ subharmonic function in the plane , 0 < a < b <,
v="242=re" (0 <0r.) and 0,r < 3R Then

r R

u*(27e) < /ﬂ(t”eib)Kl (%,9) %—i—/ u (e Ky (f 9) @—1-8 (%)é T(2R",u) (O <r< g)

t’ t
0 0

For our purpose we consider the case u is subharmonic, a = 0,0 = 7, so that v = 1
and the inequality reduces to:

ut(z) < /A((t,u))[Q (%9) &y (%)é T(2R,u), (o <r< g) (14)

t
0
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where K (r, ) is a non-negative function and satisfies

Tpcospm’

r dt sinpl
[ o) - (15)
0

for 0 <6 <mand |p| < 3.

Proof of Theorem 2.1.

A(r,u)
B(r,u)

Suppose, lim sup = costp = C(p), (0 < p < 3). Then, we have
r—00

A(r,u) < (C(p) +o(1))B(r,u), as r— oc.

Let {r,} be a sequence of Polya peaks for T'(r,u) of order p. We apply (14) with
T'n

R=R, = 3c 0 Pn=6ln and z = re? and letting n — oo to get
€n
[ a 'f dt ]
ut(z) < (C(p)—i—o(l))/B(t,u)Kl (%”w) 7+/ At u) K, (%"n) —+8 (%) " T(2R, )
Pn 0

Setting t = sr,, we get

u*(z) < (C(p)+o(1)) fB(srn,u)Kl (g,ﬂ> %%—/ A(sry, u) Ky (é,ﬂ') %—1—8 (%)éT(ZR, u)

as n — 0o.

1
Since A(r,u) < (C(p) + o(1))B(srp,u) as — oo; and 8 (%) “T(2R,u) < 82z¢z(1 +
€n) (dé)pT(r, u),. Dividing throughout the above inequality (16) by T'(r,u), using

(9), Lemma I and letting n — oo , we obatain by Lebesgue’s dominating convergence
theorem

o0

1< C’(p)/B(s,v)Kl Gw) ds _ C’(p)]osp K, (1,7r> d_y

S sSInTp s

Thus equality holds throughout. As B(s,v) < s?—"2-(by Lemma 1), we have

sinmp
B(s,v) = s* ik

SINTP
s, we conclude

holds for almost all s > 0. Since B(s,v) is a continous function of

B(s,v) = s* P (0<s < o0)
sinmp
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Now we apply the convolution inequality due to Petrenko [13] (1969) with v = g, (0 <
T
a < 7) and (13) to the limit function v to obtain
[ dt _ sinpa [ dt
B(r,v) = r"—F_ < /v*(tem)K (zﬁ) P /tAk: (Cﬁ) Sop 2
sinTp t t sSinmp t t sinmp

Thus the equality holds throughout. Using (13), the continuity of v*, and basic fact in
Lebesgue integral we conclude that

sinpo

v (te') = tr—"—,
sinmp

Hence from (12)and the maximum principle for subharmonic function, we have

i0 sinpo
o*¥re’?) —

——, (0<0<m0<7r<o0) (17)
sinmp

Thus from (3),(4) and (5), we have

p
B(r,v) = T A(r,v) = mpr? cosmp

d N =r’ =T O<r< )
e and N(r,v) =1’ =T(r,v), (0<r <o0)

SInTp

Let v be the symmetric decreasing arrangement of v, so that

0
) 1 )
v*(re’) = —/P(Te’a)da, (0<6<m)
7r
0
Thus using (17), we have

cosA\f

SINTA

@(rew) = \mr? . (0] <) (18)
and v is harmonic in {Z : —7 < arg(Z) < 7}. A well known result of Esse’n and Shea
[15](1978/79) shows that

v(ze') = 0(Z), (larg(Z)| < 7). for some a € (—7, 7.

Thus setting Z = re’®=) | where |§ — a| < 7 and using (16) we get

v(re') = 2%cos(0 — a), (|0 —al < 7).

This proves (f). Assertion (e) follows from (d) and Jensens formula.

A standard result in the theory of Lebesgue integral and (6) shows that there is a
subsequence I of positive integers such that

U, (re?) = (o(1) + 1)v(re®)

as n — oo(n € I) and for almost all 0, (|0 —a| < 7)

This completes the proof of Theorem 2.1.
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