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Regular elements of semigroups, (D) defined by x-semilattice
which is Union of Two Rhombes and a Chain

Yasha diasamidze and giuli Tavdgiridze
Sh.Rustaveli state university
Batumi, GEORGIA

Abstract : in this paper we take Q ={Ty,T;,T,, T3, T4, T5, g, ... Tn1, T} (M= 6)subsemilattice of X — semilattice of
unions D where the elements T's are satisfying the following properties,
TocTiclhcTycTyc.cT,ucT, ThchclicTycTyc.cT,,cT, TocT,cT,cT; c
cTgc.cTycT, T\TL =3, TL\T, 20, T\T, =20, T,\T,zd, T,\T, 20, T,\T; #J,

TuT,=T;, T,uUT, =T, UT; =Ts. we will investige the properties of regular elements of the complete semigroup of

binary relations B, (D)satisfying Vv (D,a) =Q . And For the case where X is a finite set we derive formulas by

means of which we can calculate the numbers of regular elements of the respective semigroup.
Introduction
1. Let X be an arbitrary nonempty set, D be a X — semilattice of unions, i.e. a nonempty set of subsets of the set

X that is closed with respect to the set-theoretic operations of unification of elements from D, f be an arbitrary map-
ping from X into D . To each such a mapping f there corresponds a binary relation «, onthe set X that satisfies

the conditionar, = J({x}x f(x)). Thesetof all such , (f:X —D) is denoted by B, (D). It is easy to prove that

xeX

B, (D) is a semigroup with respect to the operation of multiplication of binary relations, which is called a complete

semigroup of binary relations defined by a X — semilattice of unions D (see [2,3 2.1 p. 34]).
By & we denote an empty binary relation or empty subset of the set X . The condition (x, y) € a will be written in

the form xa'y . Further let x,yeX, Y =X, aeB, (D), TeD, @=D'cD and teD=[]JY . Then by symbols we
YeD

denote the following sets:
ya={xeX|yax}, Ya=|]ya, V(D,a)={Ya|Y €D},

X" ={T|@=T c X}, D;yj{Z'e D'|teZ}, D} ={Z'eD'|TcZ'}.
Dy ={Z'eD'|Z'cT}, (D" T)=u(D'\D}), Y ={xe X |xa =T}.

Under the symbol A (D, D,) we mean an exact lower bound of the set D in the semilattice D .

Definition 1.1. An element « taken from the semigroup B, (D) called a regular element of the semigroup B, (D)
ifin B, (D) there exists an element S such that oo foa =a (see[1,2,3]).

Definition 1.2. We say that a complete X — semilattice of unions D isan XI — semilattice of unions if it satisfies
the following two conditions:

a) A(D,D,)eD forany te D ;
b) Z= U/\(D, D, ) for any nonempty element Z of D (see [2,3 definition 1.14.2]).

tez

548



IJSEAS International Journal of Scientific Engineering and Applied Science (IJSEAS) - Volume-1, Issue-7, October 2015
ISSN: 2395-

3470

WwWw.ijseas.com

Definition 1.3. Let D be an arbitrary complete X — semilattice of unions, a €B, (D) and Y ={xe X |xa =T}.If

V(X",a), if DD,
Va]=IV(X",a), if eV (X" a),
V(X*,a) U{D}, if DeV (X" a)and D eD,

then it is obvious that any binary relation « of a semigroup B, (D) can always be written in the form a = U (Y7 xT)
TeV[a]

the sequel, such a representation of a binary relation « will be called quasinormal.
Note that for a quasinormal representation of a binary relation « , not all sets Y;* (T eV [a]) can be different
from an empty set. But for this representtation the following conditions are always fulfilled:
a) Y NY =, forany T,T'eD and T =T';

by X=J ¥

TeV[a]
(see [2,3 definition 1.11.1]).
Definition 1.4. We say that a nonempty element T is a nonlimiting element of the set D’ if T\I (D',T) =< and a

nonempty element T is a limiting element of the set D’ if T \I(D',T)z@ (see [2,3 definition 1.13.1 and definition
1.13.2]).
Definition 1.5. The one-to-one mapping ¢ between the complete X — semilattices of unions ¢(Q,Q) and D"is

called a complete isomorphism if the condition

(VD)= U (1)

T'eD,
is fulfilled for each nonempty subset D, of the semilattice D’ (see [2,3 definition 6.3.2]).

Definition 1.6. Let « be some binary relation of the semigroup B, (D) . We say that the complete isomorphism ¢
between the complete semilattices of unions Q and D’ is a complete « — isomorphism if

(a) Q=V(D,a);

(b) ¢(0@)=2 for B eV (D,a) and ¢(T)a =T foreny T eV (D, ) (see [2,3 definition 6.3.3]).

Lemma 1.1. Let Y ={y;,V,,.... i} and D; ={T,,..,T;} be some sets, where k>1 and j>1. Then the number
s(k, j) of all possible mappings of the set Y on any such subset of the set D; that T, € D] can be calculated by the
formula s(k,j)=j“—(j-D* (see [2,3 Corollary 1.18.1]).

lemmal.2. Let D, = {Tl,Tz,...Tj}, X and Y — be three such sets, that @ =Y < X . If f is such mapping of the

set X, in the set D;, for which f(y) =T, forsome yeY, then the numbers of all those mappings f of the set X
in the set D, is equal to s = j*" -(j‘Y‘—(j—l)‘Y‘) (see [2,3 Theorem 1.18.2]).

Theorem 1.1. Let D={D,Z,,Z,,..,Z,,} be some finite X — semilattice of unions and C(D)={R,,P,P,,...P,,}
be the family of sets of pairwise nonintersecting subsets of the set X . If ¢ is a mapping of the semilattice D on the
family of sets C(D) which satisfies the condition (p(D): P, and ¢(Z,)=PR for any i=12..n-1 and

D, = D\{T eD|Z T}, then the following equalities are valid:

D=RURUPRU..UPR,, Z, =R U [ o(T) (*)

TeljzI
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In the sequel these equalities will be called formal.
It is proved that if the elements of the semilattice D are represented in the form (*), then among the parameters P

(i=0,1,2,...,n—1) there exist such parameters that cannot be empty sets for D . Such sets P (0<i<n-1) are called
basis sources, whereas sets P, (0 <j<n —1) which can be empty sets too are called completeness sources.

It is proved that under the mapping ¢ the number of covering elements of the pre-image of a basis source is
always equal to one, while under the mapping ¢ the number of covering elements of the pre-image of a completeness

source either does not exist or is always greater than one. (see [5])
Theorem 1.2. Let SeB, (D). A binary relation S is a regular element of the semigroup B, (D) iff the

complete X — semilattice of unions D' =V (D,ﬂ) satisfies the following two conditions:
a) V(X".B)cD';
b) D’is acomplete XI — semilattice of unions (see [2,3 Theorem 6.3.1]).
Theorem 1.3. . Let D be a finite X — semilattice of unions and o € By (D); D(a) be the set of those
elements T of the semilattice Q =V (D,a)\{@} which are nonlimiting elements of the set QT . Then a binary relation

a having a quasinormal representation of the form « = U (YT" xT) is a regular element of the semigroup B, (D)
TeV(D,zz)

iff V(D,ar) is a Xl —semilattice of unions and for some «—isomorphism ¢ from V(D,a) to some X-—

subsemilattice D' of the semilattice D the following conditions are fulfilled:
a) U Y 29(T) forany T e D(a);

T'ED(Q)T

b) Y ne(T)=2 forany element T of the set D(a), (see [2,3 Theorem 6.3.3]).
Theorem 1.4 . let X be a finite set. if ¢ is a fixed element of the set (I)(Q, D’) and Q(Q) =M, then

IR(D")|=m, -q-|R¢(Q, D')|

2.RESULTS
Let X be a finite set, D be a complete X -—semilattice of unions, m>6 and
Q={To. T, T2, T3, T4 T5. T Tyt T} (M >6) be a subsemilattice of unions of D satisfies the following conditions
ITm TocTichcTgcTyc..cT, 1 cT,,
- Toch,clycTycTyc.cT,,cT,,

TocThcTycTgcTyc..cT,4, Ty, 2.1)
T\T, 20, T,\T, 20, T]\T, O, '
T\, 20, T;\T, 20, T,\T; 2,

U, =T, T,UT, =T, UT; =Ts.

Note that the diagram of the given X — semilattice of
Unions Q is shown fig.2.1
Let By, R,,...,Py4 and C be the pairwise nonintersecting
Subset of the set X and

q):(TO T T, T3 Ty T T o Ty ij
OPl 2 '3 "4 P5 6 ' 'm-1
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is a mapping of the semilattice Q onto the family of sets {Po, R, P,M,C} Then the formal equalities corresponding to
the semilattice Q we have a form (see Theorem 1.1)

Th=CURURUPR,URUP,URURU..UP 4,
Tya=CUR URUPR URUP, UR UR U..UP,

T =CURURUPR,URUPR, UR,
T;=CURURUPR,URUPR, (22)
T,=CUR URUP, UR, '
T,=CuR URUP,UP,,

T,=CuRUR,

T,=CuR UPR,UPR,,

Ty =C,

where |C[>0, |R|>0, |R,|>0 and B,P,,P,,R,,R,,..R, ,,R, ¢{J}.
lemma 2.1. Let Q={Ty,T,,T,,T5, T, 5. T, Tns, T} (M>6) be a subsemilattice of the semilattice Dand Q

v im-1r 'm
subsemilattice satisfies (2.1) conditions, Then Q is always an Xl — semilattice of unions.
Proof:
T, .1, 1,1, T T, .., T, ,Tm} if teC, :
LT T T, T if tep, T, if teC,
T, T T T T T, T, if teP, SR
.7, T e T, T, if teP, T if teB,
T T T T 0T if teP, T, if teP,
Q= Tl,T3,T5,T6,...,Tm71,Tm} if teP,, /\(Q,Ql): T,if teP,
T o0 T, if teP, T, if teP,
T71- 1Tm_]_7Tm If te PS’ I7L£f_t_€_%,
_______ - T, 0f teP ,,
iTm—l’Tm} ilff tteeFI:)mf, Tz,l if te mel i

then We have obtained that A(Q,Q)eD for any teT,. Furthermore, if Q"={A(Q.Q)teT,}, then
Q" ={T,,T.,T,,T,.,T;,T,,... T, } and it is easy to verify that any nonempty element of the semilattice Q is the union of

some elements of the set Q". Now, taking into account Definition 1.2, we obtain that Q is an Xl — semilattice of
unions. [

lemma. 2.2 if Q={Ty, T, T,, T3, T4, T5, Tg, o, Tya, T} (M26)is XI — semilattice of unions than

(T, AT, T\T, T\T,, T,\T,, T\T,,..., T,\T,,, X \T, ) is a partition of the set X .

Proof. the lemma immediately follows from the formal equalities (2.2)

Theorem 2.1. Let Q ={T;,T;,T5, T3, T4, 75, Tg, o Tyg T} (M >6) be a subsemilattice of the semilattice D which satisfies
(2.1) conditions (see Fig. 2.1). (see Fig. 1). A binary relation « of the semigroup B, (D) that has a quasinormal

m
representation of the form « = U(Yi“ xT; ) , where Q=V (D, ), is a regular element of the semigroup By (D) iff
i=0

for some « — isomorohism ¢ of the semilattice Q on some X — subsemilattice D'={(p(Tl),(p(Tz),...,go(Tm)} of the
semilattice D satisfies the conditions
Yo' 20(To), Yo' VY 20(Ty), Yo' UY; 20(T2), Yo' WY LY 29(Ty),
Y OYS UL OYS 20(T, ), Yy ne(Ty) =2,
forany p=6,7,...m-1and q=1,2,4,6,7,...m.

(2.3)
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Proof. To begin with, we recall that Q is an Xl — semilattice of unions (see lemma 2.1). Now we are to find the

nonlimiting element of the sets Q; of the semilattice Q" =Q\{@} . Indeed, let T,€Q", where q=0,1,2,..,m. Then

for g=0,1,2,...,m we obtain respectively
(QT T, ) O({To T T ) T ) = U fTo T Toa ) = T,
| Qle’Tm—l) ({TO'TI* Tn 1}\{Tm—1}):U{TO’Tl"“'Tm—Z}:Tm—zl
|(Q;‘6,T6) (T T T T To. To ) \{Te} ) = Ul To T T o T Ts = T,
|(Q;‘s,T5)=u({TO,Tl,TZ,TS,T4,T5}\{T5})=u{T0,T1,T2,T3,T4}=T5,
|(Q;‘4,T4)=u({T T T\ M) =0l T} =T,,
|(Q;'.‘3,T3)=u({TO Tl,TZ TS}\{ }) {TO T, =T,
|(Q;‘2,T2)=u({TO, L)) =0T} =T,
|(Q;'.‘1,Tl) OU({To, T T} = U TO,
(&5 To) = w({To} \{To}) = u{@

Therefore

T \M(GrTe

MG T,
T\ To)=To\B =2, if Ty %2,

)
TG T)=T\T, 22, T\I(G],T3) =T \T, =@
)=To\To =@, T\I(G7 . T,) =T\ Ty 22,

i.e. T, \I((jTq ,Tq);t &, where q=1,2,4,6,7,..,m. Thus we have obtained that T;, Ty are the limiting elements of the

sets Q}; \ Q}‘S and the T, are the nonlimiting elements of the set Q}“q , Where q=1,2,4,6,7,...,

m. (see definition 1.4)

Now, in view of Theorem 1.3 a binary relation « of the semigroup By (D) is a regular element of this semigroup iff

there exists an « —isomorphism ¢ of the semilattice Q on some X — subsemilattice D' = {(/)(TO),...,gD

semilattice Q such that

Yo 20(Ty), Y& Y 20(Ty), Y& UYS 20(T,), Yo UYS UYF 2 o(T,),

YUY UL LYy 20(T,), Yo ne(Ty) =2,
forany p=6,7,...,m and q=1,2,4,6,7,...m

It is clearly understood that the inclusion Y,* U...UY, = X 2 ¢(T,,) is always valid. Therefore

Yy Q(/)(TO), Yy uY, o (/)(Tl) Yy WYy Dgo(TZ), Yo WY, uY) Qq)(T4),

Y OYS UL Oy 20(Ty ), Yy ne(Ty) =2,
forany p=6,7,...m-1and q=1,2,4,6,7,...,m
Theorem is proved.

(Tw)} of the

Theorem 2.2. Let Q ={Ty,T;,T,,T5,..., T, } (m>6) be a subsemilattice of the semilattice D which

_ satisfies (2.1) conditions (see Fig. 2.1)

T _ _
I_’” If the XI — semilattices Q and D’:{TO,Tl,TZ,...,Tm} are o — isomorphic and |Q(Q

m-1

the following equality is valid:

552
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|R(D’)| =m, .(3m\fz‘ _z\ﬁ\fs\).(g\ﬁ\ﬂ\ _1).(2“72”71‘ _1).(7‘fﬁ\m _B‘T}\TS‘).

(B e af e 2

Proof. In the first place, we note that the semilattice Q has only one automorphisms
(i.e. |CD(Q,Q)|:1). Let @ € R(Q,D’) and a quasinormal representation of a regular
binary relation a have the form

azg(yiaxn)

Then according to Theorem 2.1 the condition « < ﬁ(Q, D’) is fulfilled if
Yo' 2To, Yo' WY 2T, Yo' UYS 0T,
Yo UYS Y o, Y uYS uLuYy 2T, (24)
Yy NTy #D.

forany p=6,7,..,m-1and q=1,2,4,6,7,...m.

Now, assume that f, is a mapping of the set X in D suchthat f,(t)=ta forany te X. f,,, f,,, fs,, f,,,
fou (p = 6,7,...,m), fna, are respectively the restrictions of the mapping f, on the sets
T,NT, T,\T,, T,\T,, T,\T, T,\T,,.., T,\T,, and X \T_ . We have, by assumption, that these sets do not intersect
pairwise and the set-theoretic union of these sets is equal to X .

Let us establish the properties of the mappings te X . f,, f,,, f3,, fs,, T, (pP=6,7,...m), friq.

1) teT, NT,. Hence by virtue of the inclusions (2.4) we have
te (Y5 UYLV ) (Ye UV ) =Yg,
i.e., tar =T, by the definition of the set Y;*. Thus f, (t)=T, forany teT, NT,.
2) teT,\T,,. In that case, by virtue of inclusion (2.4) we have teT,\T, =T, cYS LY, LY, . Therefore
ta € {Ty,T,,T,} by the definition of the sets Yg*, Y5, Y,*. Thus f,, (t) € {Ty,T,,T,} forany teT,\T,,.

On the other hand, the inequality Y/ NT, =@ is true. Therefore t, eY,* for some element t, € T,. Hence it
follows that t,e =T, . Furthermore, if t, € T;, then t,a € {T,,T;,T,,T;} . However the latter condition contradicts the

equality t,e =T, . The contradiction obtained shows that t, e T, \T;,. Thus f,, (t,)=T, for some t, e T,\T,.
3) teT,\T,. In that case, by virtue of inclusion (2.4) we have te T\ T, T, = Y5* UY,”. Therefore ta e {Ty,T,} by
the definition of the sets Yg*,Y,”. Thus fy, (t) € {To,T,} forany teT\T,.

On the other hand, the inequality Y,* NT, #@ is true. Therefore t; €Y, for some element t, T, . Hence it
follows that ta =T,. Furthermore, if t €T,, then ta e{T,,T,,T,}. However the latter condition contradicts the
equality t; =T, . The contradiction obtained shows that t, e T,\T,. Thus f,, (t,)=T, for some t, e T, \T,.

4) teT,\T,. In that case, by virtue of inclusion (2.4) we have teT,\T, c T, cY5" UY;" . Therefore ta e {T,,T,}
by the definition of the sets Yg",Y5*. Thus f,, (t)e{T,,T,} forany teT,\T,.

On the other hand, the inequality Y, T, =@ is true. Therefore t, eY,* for some element t, € T,. Hence it
follows that t, =T, . Furthermore, if t, €T, , then t,o € {T,,T,} . However the latter condition contradicts the equality

t,a =T, . The contradiction obtained shows that t, e T, \T, . Thus f,, (t,)=T, forsome t, e T,\T,..
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5) teT,\T, (s=6,7,...m). In that case, by virtue of inclusion (2.4) we have
teT\T,, T, Yy Uy, UYS U.LUYE.
Therefore ta e{T,,T;,..., T} by the definition of the sets Yg*,Y,*,...YS. Thus fg, (t)e{Ty,Tp,.... T} for any
teT\T,,.
On the other hand, the inequality Y NT, # @ is true. Therefore t, € Y* for some element t, € T,. Hence it
follows that t,o =T, . Furthermore, if t; € T, ;, then t,a € {Ty,T,..., T, } . However the latter condition contradicts the

equality t, =T, . The contradiction obtained shows that t, e T, \T,_,. Thus f,, (t,)=T, forsome t, e T\T_,.

m m
6) te X \T, . Then by virtue of the condition X = UYi“ we have t e UYi‘" . Hence we obtain ta e {Ty,T,,T,,... T, } .
i=0 i=0
Thus f,..,(t)e{T,.T.T,,...T,} forany te X\T,.
Therefore for a binary relation o € R(Q, D') there exists an ordered system (f,, f,, ... f,...)
Now let
foT, AT > {1} T\ > (T T,T), 6T, > (T T\ > {T,T,)
fo T\Toy > {To. T T}y $=6,7,m, g i X\T, > (T, T, T )

be the mappings satisfying the following conditions:

7) f,(t)=T, forany teT, nT,;

8) f,(t)e{T,T,,T,} forany teT,\T, and f,(t,)=T, forsome t, e T,\T,;

9) f,(t)e{T,,T,} forany teT,\T, and f,(t)=T, forsome t, e T,\T,;

10) f,(t)e{T,,T,} forany teT,\T, and f,(t,)=T, forsome t, e T,\T,;

11) f (1) e{To. T, ..., T} forany te T\T,_;, and f,(t,)=T, for some t; e T,\T,_;, where s=6,7,...m;

12) f4(t)e{Tp. T, 15, Ty} forany te X\T,,.

Now we write the mapping f : X — D as follows:

f,(t), if teT, AT,
(t), if teT,\T,,
( ), if teT_l\ﬁ,
(1), if teT,\T,
(t), if teT\T,,, p=6,7....m,
fo(t), if te X\T,.

f,(t

fo(t
f(t)=1.2
O-1¢
fS

To the mapping f we put into correspondence the relation 4= J({t}x f (t)).

teX

Now let Y/ ={teX|tf=T}, where i=0,1,2,..,m. With this notation, the binary relation /2 is represented as

B = U(Yiﬂ ><Ti) . Moreover, from the defnition of the binary relation g we immediately obtain

m
=0

Y 2T, P Oy 2T, YUY, oT,,
YS oYf oY o, Y uvf uoY) oT,,
Y/ T, = @.

forany p=6,7,...m-1and q=12,4,6,7,..,m since f,(t,)=T, forsome t, eT,\T,, f,(t,)=T, for some t, eT,\T,
, f,(t,)=T, forsome t, eT,\T,, f(t,)=T, for some t, e T,\T,_;, where s=6,7,...m.
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Hence by virtue of Theorem 2.1 we conclude that the binary relation g is a regular element of the semigroup B, (D)
that belongs to the set R(Q,D’).

By the lemma 1.1 and lemma 1.3 The numbers of all mappings of the form f,,, f,,, f5,, f,,, fy, (p=6,7,...m),

friie (2 €R(Q,D’)) areequal respectively to

1, 3 o IRl g pVE g (g )Tl gVl ()Xl
Therefore the equality
|§(Q, D')| - (3‘ﬂ\fs\ _zm\fs\)_(zm\m _1).(2\fz\f1\ _1).((8_{_1)‘12\175—1‘ _s‘-lfs\-rs—l‘)'(m +1)\X\fm\
is valid, where s =6,7,....m.
Now, using the equalities [Q(Q)|=my, [®(Q,D')[=1 and theorem1.4, we Obtain

|R(D’)| =m, .(2‘ﬁ\ﬁ‘ _1).(2‘fz\f1‘ _1).(3‘?4\?3‘ _zm\m).(ﬂﬁs\m _gl'| )
. (8‘ﬂ\fs‘ _ 7‘f7\f6‘ ) . (m‘fmfl\fmfZ‘ _(m _1)‘Tm71\fm72‘ ) . (m +1)‘X\fm‘ .

Theorem is proved.

Corollary 2.1. Let Q ={T;,T;,T,,...Tg} be a subsemilattice of the semilattice D and
TocTicTycTycTg, TocT, cT; cT; T,
TocTcT,cTscTg, T\T, #0, T,\T, #J,
T\T, 20, Ty\T, 20, T;\T, 20, Ty\T; #J,
TuT,=T;, T,UT, =T, UT; =Ts.

(see Fig. 13.6.4). If the XI—semilattices Q and D'={T,,T,,..,T;} are «-isomorphic and

12(Q)| = my , the equality
Fig. 4 |R(D')| =m, _(Z\ﬁ\ﬂ\ _1).(2‘f2\ﬁ‘ _1).(3‘ﬂ\f3‘ _Z\T?\TE\ ).(7“76\?5‘ _G‘fS\TS‘).7‘X\fm‘_

is valid.
Proof. The corollary immediately follows from Theorem 2.2
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