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ABSTRACT

In this paper we have defined the Exton’s quadruple hypergeometric functionsof matrix
arguments and established a number of results for these functions of matrix argument in complex

case.
1. INTRODUCTION

Following Exton [1], we define first of all hypergeometric functions of four variables in
matrix variate. All the matrices appearing in this paper are p x p real Hermitian positive definite

and meanings of all the other symbols used are the same as in the work of Mathai [3,5].

FUNCTION OF MATRIX ARGUMENT IN THE COMPLEX CASE :

We consider real valued scalar function of a single matrix argument of the type Z

= X +iY where X and Y are p x p matrices with real elements and i=+-1 as well as scaler

functions of many matrices Zj =12, . K where each Zj is of the type Z above in the

real case. We confined our discussion to the situation where the argument matrix was real
symmetric positive definite. This was done so that the fractional power of matrices and
functions of such matrices could be uniquely defined. Corresponding properties are of we restrict

to the class of Hermitian positive definite matrices.

Definition : Hermitian positive definite matrix due to Mathai [5], We will denote the conjugate

of Z by Z if Z hermitian, then Z = Z*, that is

Z=7Z* = X+iY=(X+iY)*= X +iY’

= X =X"and Y=Y’
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Thus X is the symmetric and Y is skew symmetric. Further if Z is hermitian positive

definite, then all the eigen values of Z are real and positive. Further, matrix variate gamma in

the complex case is
o) =n 2 Horede

We will use the notation Z > 0 to indicate that Z is hermitian positive definite. Constant
matrices will be written without a tilde whether the elements are real or complex unless it has to
be emphasized that the matrix involved has complex elements. Then in that case a constant

matrix will also be written with a tilde.
2. DEFINITIONS

The following are the definitions of the Exton’s quadruple hypergeometric functions with

matrix arguments in complex case.

2.1 The Exton’s Klfunction of matrix arguments,

~

Kl:Kl(a,a,a,a;b,b,b,C;d,el,ez,d;—)z,—Y,—z,—T') is defined as that class of

functions which has the following matrix transform:

PP p4-p

X

p2-pP p3-p

Y

z

T

M(Kl):~ J ,“ ~ ‘;(
X>0Y>0Z>0T>0
K,(@.a,a,a;b,b,b,c;d,e, e,,di~X,~Y,~Z,~T dXdYdZdT

X

i:p(a_pl :pz —Ps _p4)fp(b_el — P _pS)fpg:_p4)
r,(c)

r,(@) T, (b)
(ez) = ™=

T,(d) L) L, (p.)5, ()L, (p2)T, (p.)

fp
i:p(d — Py _p4)fp(e1 P, )fp(eZ _ps)

for Re(@a—p,—p,—p,—p,.b—p,—p,—p,,.C—p,,d—p, —p,.€ —p,.€, —py.p,) > Pp—1
where, i=1,...,4. ...(2.2)

22 K, = Kz(a,a,a,a;b,b,b,c;dl,dz,ds,d4;—f<,—\7,—2,—f)

)= 1 1%

Kz(a,a,a, a;b,b,b,c; dl,dz,d3,d4;—)2,—\7,—2,—f)d5(d\7d2df

~

Y

~

Z

~

7

PP | [P2P | =|P3—P |==(P4—P
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_ i:p(a_pl_pz —Ps _p4)fp(b_e_1_p2 _ps)f‘p@_p4)x
I, (c)

= =~

T, (a) I, (b)

f@) T©) Td) ©Td) =, =, =, =
., —p) T (d, —p) To(d, - py) T(d, - P50, ) 22)

forRe(@—p, —p, —ps —P,D—p, —p, =5, C—p,d, —p,,p,) > P —Lwhere, i=L,.... 4.

23 K, =K, (a,a,a,ab,,b,,b,,b,;c,,C,.C,,¢,;i-X,~Y,~Z,~T)

~

Y

~

Z

~

T

P1-P P4-pP

X

p2-p p3-p

MK)=[ ] ] JIX

X>0Y>02Z>0T>0

~ o~~~

i:p(a_pl —P; = Ps _p4)fp(bl % _pZ)fp(bZ —Ps _p4) v

F () T, (b,) r,(b,)
I (c,) r(c,) . (0,)F (0, )F: (0. )F: () .(2.3)

i:p(Cl — Py —p4)fp(02 P, _ps)
for Re(a—pl — P2 = P; —p4,b1 — P _pz’bz —Ps _p4’cl_p1 _pucz P, _pa’pi)> p_l
where, i=1,...,4.

24 K, =K,(a,a,a,a;b,b,b,b,;c,d,d,c-X-Y~Z-T)

~

Y

~

Z

~

T

PP p4a-—p

X

p2-pP pP3-p

M(<,)=[ [ [ [[X

X>0Y>02Z>0T>0

~ o~~~

_L@-p.—p,—p, )T, (b, —p, —p,) T, (b, — p. —p.)

() I (b,) Eb,)
Fe) L) 0d) = =, =
TC-p,—p) T, —p,)T,(d, - ps)rp(Pl)rp(Pz)rp(Ps)Fp(m) .(2.4)

for Re(@a—p, —p, =P, —P.s0, —p, —p,,b, —p, —p..C—p, —p,, 0, —p,,d, —p,,p,) > P -1
where, i=1,...,4.

25 K, = KS(a,a,a,a;bl,bl,bz,bz;01,02,03,04;—X,—Y,—Z—'T')
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PP pz P p3 P :i-_p4—p

)= 1] [KX

KS(a, a,a,a;b,,b,,b,,b,;c,, cz,c3,cg—)?,—\?,—i,—f)d)?d\?did"l:

i:p(a_pl —P; = Ps _p4)i:p(bl P _pZ)fp(bZ —Ps _p4) v

) r,(a) T, (b,) T (b,)
L) T) G) L) = =, = =
TG, —p )T, —po)ToC,—p) (P.)L, (P2, (P2 )T, (P2 -(25)

for Re(a—pl—pz _ps_p4’b1_pl_p2’b2 _pS_p4’C1_pl’C2 _pzics_psic4_p4ipi)>p_1

where, i=1,...,4.

26 K, =K,(a,a,a,a;b,b,c,,c,;e,d,d,d;i-X,~Y,~Z,—T)

= |p4—P

PZP PSP
T

PP
X

)=[ [ ] [[X

X>0Y>0 Z>0 T>0

K,(a,a,a,a;b,b,c,.c,;e,d,d,d;~X,~Y,~Z,~T JdXdYdZdT

_L@-p=p,=p—p)L,0-p —p)L (e —p)) |
@) Y
—e) 1) LE g (R () e

(
r(c,) Le-p)l,(d-p,—p,—p,)

for Re(a—pl—p2 _ps_pub_pl_pzicl_psicz —p4,e—p1,d—p2 _ps_p4ipi)>p_1

where, i=1,...,4.

27 K, =K,(a,a,a,a;b,b,c,,c,;d,.d,,d,,d,;~X,~Y ~Z,~T)

M(K7): ~J‘ ~J‘ ~J‘ ~J‘ ‘52 pl_p?F)Z_p '293_’)_"';94_’) %
K,(a,a,a,a;b,b,c,,c,;d,.d,,d,,d,;i-X,~Y,~Z,~T XdYdZdT
_L@-p.=p,=p,=p)L,(0-p —p)L,(C =p))
r,(a) rb) L)
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~

I_‘(Cz_p4) i:(dl) i:(dz) ~ ~ -~ -
p : : FP 1 Fp 2 I_‘p 3 Fp 4 (27)
FP(CZ) Fp(dl P _ps)rp(dz P, _p4) (p ) (p ) (p ) (p )

for Re(a—p, —p, —p; =P D—p, = P,.C, = P;.C, =Py 8, —p, =Py, d—p, —p,.p, ) > P—1

where, i=1,...,4.

~ ~ o~

28 K, = Kg(a,a,a,a;b,b,cl,cz;d,el,d,ez;—)~<,—Y,—Z,—T)

)= [][X

PZ PI= P3 pl=

7

pa—p
X

PP

K,(a,a,a,a;b,b,c,.c,;d,e,,d,e,~X,~Y,~Z~T dXdYdZdT

Ml
—

D'
P
>
~
it
—
0

|

w
~

_ i:p(a_pl_pz —Ps;— p4)

=~

T (a) T (b) T (c

i:pgf:z _p4) _ i:p(d) _ i:p(el) _ i:p(ez) = = )~ (
I_‘p(Cz) Fp(d_pl_pS)Fp( 1_p2)rp(e2_p4 ’

forRe(a—pl—p2—ps—p4,b—pl—p2,cl—p3,cz—p4,d—p1—p3,e1—p2, PP )>p 1
where, i=1,...,4. ...(2.8)

29 K, =K,(a,a,a,a;b,b,c,.c,ie, e,,d,d~X~Y~Z-T)

PQ PI=|P3—P =

T

M(K,)= | | \x a

X>0 Y>0Z>0

Z

K,(a,a,a,a;b,b,c,.c,ie,.e,,d,d~X,~Y,~Z,~T dXdYdZdT
_ i:p(a_pl:pz —Ps —p4)fp(b:pl—p2)fp C, _ps)

(
r,(a) rb)  T)
_p4)~fp(e1) f-‘p(ez) r
(&, =p.) T,

fP(PZ _ _ I_‘p(d) —
Fp(Cz) pl)rp ez—pz)rp(d—ps—p4

)Fp(pl)i:p(pz)i:p(ps)i:p(p4)
forRe(a—pl—pz—p3—p4,b—p1—p2,cl—p3,02—p4,e1—p1, pzid Ps —PasP )>p 1

X

where, i=1,...,4. ...(2.9)

210 K, =K, (@.a,a,a;b,b,c,,c,;d, d,,d,,d,;:-X,~Y,-Z,~T)
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M (Klo ) B xJ;o YJ;O zJ>.o TJ>.O |5’<

~

Y

~

Z

~

7

PP po—P P3P Py—P

Klo(a, a,a,a;b,b,c,c,;d,,d,,d., dg—)?,—\?,—i,—f)d)?d?did"l:

_ i:p(a_pl —P; = P; _p4)fp(b_pl _pz)fp(cl _ps) %
() L, (b) L,(c.)

r r (dz) (ds) p(d4) ™

FP(CZ_ 4) Fp(dl) I:p I:p ~ . _
Fp(ng) Fp(dl—pl)Fp(dz—pz)Fp(ds—ps)rp(d4—p4)rp(pl)rp(p2)Fp(ps)rp(m)

~

for Re(a—pl—p2 _ps_pub_pl_pzicl_psicz _p4’di _pi’pi)> p_l ---(2-10)
where, i=1,...,4.

Theorem 3.1

~ ~ ~ o~

KS(a, a,a,a;b,,b,,b,, bz;01,02,03,04;—X,—Y,—Z,—T)

_ 1 [e+®

s omy ~yes
. 57y, b0, c,-84KE % -8478% )«
rp(a)5>o ‘ Y, GGy

v,lb,ic, c,i-5%75% -§%75% S
forRe(a)>p -1 ..(3.)

Proof: Taking the M-transform of the right side of eq.(3.1) with respect to the variables

X,Y,Z,Tand the parameters p,,p,,ps, P, respectively, we get,

T I TR R v lbic, o 8% -5 E s
X>0Y>02Z>0T>0
v,lb,ic, c,i-8%75% ~§4T5% hXdVdZdT (32

Applying the transformations,
%, §4XE% ¥, - §475% 7, - §478% T — §°F5%, win
dX, =[S/ dX,dY, =S| d¥,dZ, =[5 dZ,dT, =[] dT; and,

v,

X, T

=[s||

=[s|YHz/= 5]}

:‘S“T|; to the above expression and then

writing the M-transforms of the two involoved , —functions, we obtain
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~

“P17P2 P3Py fp(bl~_p1 _pz) Fp( ) _ fp(CZ) _ fp(c3) _ 1:;)(04)
F(bl) p )Fp(cz_pz)rp(cs_ps)rp(c4_p4)

p

S

r(bz_ps_p4)~ T~ = =~
e r B B 1B ..(3.
F(bz) p(pl) p(pz) p(pS) p(p4) (3 3)

Substituting this expression on the right side of eq.(3.1) and then integrating out §in the

resulting expression by using a Gamma integral gives M(K5) as given by eq.(2.5)

Theorem 3.2

Kg(a,a, a,a;b,b.c,.c, e, e, dd-X-Y,~Z-T)

J‘ e—tr

S>0

r \pz(b;el,ez;—§%)2§%,—§%\7§%)x

cDZ(cl,cz;d;—§%2§%,—§%f§%)d§ (39)
forRe(a)>p -1

Theorem 3.3
K,(a,a,a,a;b,b,c,c,d, d,,d,d,;-X~Y~Z-T)

z_p
X

s,

B

:f(b)~ I [ Jertrmsls,

S]_>OSZ>OS3>0
(add _§%X§% 5,75, -§ 498 ~§ ¥T5 2 H5dS a8, ..e5)
forRe(b,c,,c,)>p -1
Theorem 3.4

Kl(a, a,a,a;b,b,b,c;d,e,, ez,d;—;(,—\?,—z—:l:)

~

R

b-p
X

1 —tr(§1+§2) a-p

FE Do

OFl(; ell_ﬁz%ﬁl%vﬁl%FEZ%)OFl(’ ez;_§2%§1%2§1%§2%)x

1 RZ

O,[C:d-R, TR, % R, 5B ARR, AR, 4 R R, .36
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for Re(a,b)>p -1
Theorem 3.5

Kg(a,a,a,a; b, b,cl,cz;d,el,d,ez;—)z,—?,—z,—f)

a-p|~ |b-p|~

1

O HOERRE

r
( }/R ZXR}/R}/ yR}/Zﬁ}/R}/)O ( yR}/YR}/R}/)

e—tr(§l+§2+§3) ﬁ €17P

1 2 3

Flc,ie,-R TR % BR dR R, @7)
Theorem 3.6

Klo(a, a,a,a;b,b, cl,cz;dl,dz,d3,d4;—)2,—\7,—2,—f)

1 -triS 2
:fxﬂif RS W brd, d,-§%XE% 8475
1F1(Cl;ds;—§%2§%lﬁ(cz;d4;—§%f§%)d§ ..(38)

forRe(a)>p -1
Theorem 3.7

Kz(a,a, a,a;b,b,b,c;d,, dz,d3,d4;—>~<,—\~(,—z—ﬂ

1 —tr(f{p—ﬁz) a-

T e’

JFd,—R, %R AYR %R % | Fd,-R, %R #ZR R %

R R,[ oRbd-R AR IRR MR,

1

(c d,;-R,/?TR }/)dR iR, .(39)

for Re(a,b)>p -1
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