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ABSTRACT: In this paper, we introduce a new formula for fractional
derivative for shifted Chebyshev polynomial. Also, Fractional differentiation
matrix is derived based on shifted Chebyshev polynomial. Some examples of
linear Fractional Differential Equations are solved by the new formula.
Numerical results are compared with the exact solution to find the error and

to show the efficiently of the proposed method.
1. Introduction

Fractional differential equations have a great interest recently in last few years [5]. It is caused
by the intensive development of the theory of fractional calculus. It is applied in various sciences
such as physics, mechanics, chemistry, engineering, etc. Recently, there are some papers present
the existence of solution of nonlinear initial fractional differential equation by the use of
techniques of nonlinear analysis. Although the tools of fractional calculus have been available
and applicable to various fields of study, the investigation of the theory of fractional differential
equations has only been started quite recently in [1, 2, 3, 4].

The differential equations involving Riemann-Liouville differential operators of fractional order
0 <qg <1, appear to be important in modeling several physical phenomena and therefore seem to
deserve an independent study of their theory parallel to the well-known theory of ordinary
differential equations.
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On the other hand, Chebyshev polynomials have been proven successfully in the numerical
solution of various boundary value problems [9]. Chebyshev polynomials are important in
approximation theory because the roots of the Chebyshev polynomials are used as nodes in
polynomial interpolation. The resulting interpolation polynomial minimizes the problem of
Runge’s phenomenon and provides an approximation that is close to the polynomial of best
approximation to a continuous function under the maximum norm.

In this paper we aim to formulate new method for the fractional differentiation matrix based on
shifted Chebyshev polynomials using it’s recurrence relation and use it for solving fractional
order ordinary differential equations (FODE’s).

The rest of the paper is arranged as follows: In Section 2, we introduce some mathematical
preliminaries of the fractional calculus and some properties of the shifted Chebyshev
polynomials. In section 3, we show the meaning of differentiation matrix of any order and how
to get it. In Section 4, we derived a new formula for fractional derivative of shifted Chebyshev
polynomial and show the form of fractional differentiation matrix. In section 5, we solve some
examples of (F.D.E) which compared with exact solution.

2. Preliminaries
In this section, firstly we define the shifted Chebyshev polynomial of first kind T, (x)as follow:
Ti(x) = cos(2n8) ,x =cos?(0) ,0<x<1 (1)
with recurrence relation:
Ty(x) =2Qx—1DTh_1(x) = Th_,(x), n=23,.. (2
where Tg(x) =1,Ty(x) =2x — 1
The shifted Chebyshev polynomial can be expanded as a series of power of x by the relation:

. D (-D)"*(n+k =122,
L= = T oaor

, n>0 (3)

with orthogonal relation defined by:
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f T{_j(X}Tlr__k(X:lw,r_fX)dX = Skjhk.
0

Now, we give the definition of Caputo fractional derivative as follows:
Let @ € Rand n € N suchthat n—1 < a <n the Caputo fractional derivative of order ais

defined by the following relation:

m
DEf(x) = ——[* W _ gy foraliln—-1<a<n (4)

'(n-a)’a (x—u)a—n+1

ayp = TBHD | (p-a)
DX = e (5)

Where fm =L f @)

with the following properties:
L DE(f(®) * g(©) = Tio(§) DE*IF(DIDE[g ()]
2. DE(f(1) * ©) = io(y) DEFIf (DIDEIC] = CDEF ()
3. DE(f(6) £ g(®) = DE(°f (1)) + DE(t°9(1))

3. Derivation of new formula for fractional differentiation matrix:

The solution of fractional differential equation which approximated by the functionu, (x) can be

representing by spectral method in the following form as in [7]:
uy(x) = XY 0;0,T (x) , x € [a,b], (6)

Where 6; = ~,j = 0,N exceptatj =1,..,N = 1,6; = 0

This representation at the collocation points which given by:
_2 b) — (b e =012, ..N
xj_f (a+b)—( —a)cos(W) , n=20,12,..

Using the orthogonality relation forT;"(x) where
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N
. . - ,i#0,N
J=0 0T} Cen) T (3n) = ;63 & a= {12;! i=0N
We can compute the coefficient a; by the relation:
29]' N %
a; = N Z T; (xn)u(xn) (7
n=0

The first and second derivative for the functionu(x,,) at the above collocation points with using

expansion in eq. (6) and Chebyshev coefficients which defined by the eq. (7), we can

approximate uM(x;) as:  u®(x;) =X, Hja]-Tj*(l) (%)

9n * *
u® () = N0 |22 200 60,7 D )Ty G | )

The expression of differentiation matrix is given by the next equation

u®(x) = E-olAx]n * ulx) (8)
where

i _ 26nyN *(1) * .
[Ay]h = TZ]':o 6,T; x)T(xn) , Ln=012,..N 9)

The first derivative for shifted Chebyshev function as follow in [8]:

*(1 . i—1 % 2
B0 =23 Bl GG =5

The second differentiation matrix of second order of the function u(x) is defined as the

multiplication of first differentiation matrix by itself as: [A,]4, X [A,]4
Then, u®(x;) = XN-o([AxIn[A]}) * u(x) = ZN=o([Bx]}) u(x))
B, = (Ax)z

and the elements of B, are:  [By];; = Xno[Ax]ul[Ax]}ij = 0,1,2, ... N
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We want to find the fractional differentiation matrix based on shifted Chebyshev polynomial of
first kind T;; (x). From the relation which defined by the eq. (9)

i 2Cp * % .
[Axlh =220 TP )T () L in =012, N

which defined the first differentiation matrix which defined by Tj*(l)(xi) , then the

differentiation matrix of order (m) is defined by
2C,
el =52 T G@IT o) in = 012,
j=0

Also the fractional derivative of order « is defined by:

i _ 2CnyN *(a) * S
[Axx...ax]n - TZ]‘:O ’1} (xi)Tj (xn) ,Ln=012..N. (10)
WhereTj*(“) (x;) is fractional derivative of shifted Chebysheve polynomial of first kind.

4. Computing Fractional derivative of T;"(x;)

In this section, we deduce the fractional derivative forT;"(x) using recurrence relation (2) with its

expanding as a power of x by using eq. (3) and using definition of Caputo sense for fractional

derivative as follows: From recurrence relation, we have

k=1 4k — 2)1 2%
(n—k—1)!2k!

k

n—-1 (_1)
T ,(x) =2Qx—-—1)(n—1)

n-2
(=)™ =2 (n + k — 3)1 22
_("_Z)RZO (n—k — 2)I 2k! x*

then

n—1
s (D" (n+k —2)12%+2
T () _("_1)k_0 (n— k — 1)! 2k! ¥
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X

n-1
(=) k=1 (0 + k — 2)1 22k+1
_("_1); (n—k — 1)! 2k!

, (D)2 (n 4 k- 3)122k41
(n )k_o (n—k — 2)! 2k! x

After simplifying this equation we reach to

Yok 2(n+k—2)(n+ k —3)!2%
m—k—-—1)(n—k—2)!2k!

k+1

n—-1 (_1
Ti(x) = —4»(n—1)

= ()" K2 (n + k — 2)(n + k — 3)1 22K
m—k—-—1)Mn—k—2)!2k!

+2x(n—1) k

k=0

n-1
(—D)"k=2(n + k — 3)122k+1
—(n—-2) X

(n—k—2)!2k!

Assuming Caputo definition and applying it for this equation where

TR+ 4.

p@yh = Pt
TR -

the fractional derivative of order a which defined for only terms for k = [a], [¢] + 1, ....n and

terms from k = 0,1, .... [a] — 1 equal to zero then the summation convert to Zﬁz[a]

Assume that

© (D" K 2(n 4k — 2)(n + k — 3)1 22K

(a) * —_ — —_ a k+1
DT (x) = =4+ (n ka —k=Dm—k=2izkt &)
=la
2e ) S D" Pt k=Dt k=32
* —
n L (—k-D@—k-2)IZK! (x
=[a
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n-1 (_1)n—k—2(n + k- 3)| 22k+1

— -2 D% k
(n=2) (n—k — 2)! 2k! x5
k=[a]
(@) _ yn-1 (—1)"*2(n+k-3)122%] [2(n+k—-2) @ k+1 ak
DTy (x) Zk=f“1[ (n—k-2)!2k! H(n—k—1) + 1] [DFx™ + DExT] (11)

Then the fractional differentiation matrix of order () can be in the form
_2tagpN (@) * P
[Axxxx..a]n - TZj:O 7} (xi)Tj (xn) ,Ln=012,..N (12)

Finally we can define the expression of fractional differentiation matrix can be written by the

equation:
N
f (%, )ZZdi(,C;)f (Xi )
j=0
where
d =250, T () Tn @ () (13)

The matrix form is:

f@ = p@f

The elements of the fractional differentiation matrix D'* are:

1 A(a) (a) 1 A ()

d@ = 2 ?Al,o A1,1 EALN
i,j —_ . . .

1 Ale) () 1 ()

?AN,O AN,l EAN,N

where

N
4@ = Z 0 Ty ()T, @ (x,)
n=0

5. Numerical Examples
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We will introduce some of numerical examples of liner fractional differential equation and solve
it by fractional differentiation matrix.

Example 1:  Solve the O.F.D.E

2 1
D@y(x) +y(x) = rz =22 X174 2?

G-o" Te-o
with initial conditions y(0) = 0 and the exact solution is
y(x) = x? —x ,xe[0,1].
Firstly the next figures shows the approximate solution and the error at different values of «.

Ata =0.3,0.5,0.7,09and N = 20
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a=03N=20 a=0.5N=20
The solution The solution
0.1 T T T T T T T T T
0y
0 —
¥ a1
b
02
_04 1 1 1 1 1 1 1 1 1 03 1 1 1 1 1 1 1 1 1
0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1
X X
" The eror 10 The eror
3 T T T T T T T T T 1 T T T T T T T T T
2.
5 503
1.
G 1 1 1 1 1 1 1 1 1 0 1
0 0l 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1
X X
Figure 1 Figure 2
The next table shows the maximum errors at different values of a, N :
Table of maximum errors at differenteand N
a N=10 N=15 N=20 N=25
0.1 1.8735e-16 1.1101e-16 1.3878e-16 1.3878e-16
0.3 1.6653e-16 1.6653e-16 2.2204e-16 2.0817e-16
0.5 9.7145e-17 1.1796e-16 8.3267e-17 1.4573e-16
0.7 1.4572e-16 1.1102e-16 2.0123e-16 1.5959¢-16
0.9 1.6653e-16 1.6653e-16 8.9338e-17 1.9429e-16
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Example 2:

Solve the following D.E:

D@Wy(x) = x% + x27% + y(x)

I3 -a
and the exact solution is
y(x) = x?
with initial condition
y(0) =0,x € [0,1]

the following figures for different values of N at « = 0.5
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N=10 N=15
The solution The solution
15 T T T T T T T T 1.5 T T T T T T T T T
1r 1k
¥ 3
> >
0.5 1 0.5F
0 o 1 1 1 1 1 1 1 0
0 01 02 03 04 05 06 07 08 09 1 0
X X
10" The error x10°° The error
6 T T T T T T T T T 4 T T T T T T T T T
4 -
5
2r i
0 1 1 1 1 1 1 1 1 1
0 01 02 03 04 05 06 07 08 09 1
X
Figure 3 Figure 4
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N=20

The solution

0y
—o

Figure 5

N=25

The solution

0y
— ye&X

Figure 6

The next table shows the maximum errors at different values of a, N:

a N=10 N=15 N=20 N=25
0.3 4.4409e-016 6.6613e-016 7.7716e-016 6.6763e-016
0.5 4.4409e-016 3.3307e-016 4.4409e-016 5.5511e-016
0.7 9.6570e-016 6.6613e-016 5.5511e-016 3.9145e-016
0.9 6.2699e-016 1.1858e-015 6.2815e-016 3.8131e-016
Example 3:

Solving of (Bagley-Torvik equation)
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Y@ () + Day(x) + y(x) = g(x) ,x € [0,5]

and,
gx) =x2+4yX/p+2
with boundary conditions:
y(0) =0 ,y(5) =25

The following figures show the solution and absolute errors at different number of points:

The solution The solution
25 25
20
/ 20 :
15 /
15
21w g /
> >
/ 10
5 = /
5
o /
5 0%
0 1 15 2 25 3 35 45 0 0.5 1 15 2 25 3 35 4 45
X
" The errors o™ The errors
= 16 15 /
5 10 5 10 1
10-17 10-16
05 1 15 25 0 05 15 2 25 3 35 4 45
X
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Figure 7

Figure 8
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The solution The solution
30 30
25 25
20 20 /
E1s g5
> > /
10 10 /
5 5 o
o o
o o b—O]
0 0.5 1 15 2 25 3 35 4 45 5 0 0.5 1 15 2 25 3 35 4 45 5
X
The errors The errors
-13
10
[ ]

err
= =
o o
=
>
err

=

<

Figure 9 Figure 10

6. Conclusion:

In this paper, the main goal is to solve Linear Fractional Differential Equations (L.F.D.E)
depends on Fractional Differentiation Matrix (F.D.M). We derived a new method to calculate
Fractional Differentiation Matrix from recurrence relation of shifted Chebyshev polynomial. We
proposed numerical algorithm for solving (L.F.D.E) using GL points of shifted Chebyshev
polynomial and approximated the solution using spectral method. We solve some examples and
compared the approximation solution by the exact solution and compute the maximum error to

know the convergence of our solution.
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