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Abstract

In this paper, we investigate the existence and approximation of periodic
solutions of non-linear systems of integro-differential equations of Volterra type by
using the numerical-analytic method which were introduced by Samoilenko.

The study of such integro-differential equations leads to extend the results
obtained by Butris for changing the system of non-linear integro- differential equations

to periodic system of non-linear integro-differential equations of the Volterra type.
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1. Introduction

In recent years, Samoilenko assumes that the numerical analytic method to study
the periodic solutions for ordinary differential equations and their algorithm structure.
In the original works of Samoilenko [12 ], the approach used and described here had
been referred to as the numerical-analytic based upon successive approximations. The

idea of the method , originally aimed at the investigation of periodic solutions only ,had

been later applied in studies [1,4,7,9 ] .

Also, it should be noted that appropriate versions of the method considered can be
applied in many situations for handling periodic in the case of systems of first or
second order ordinary differential equations, integro-differential equations, equations
with retarded arguments, systems containing unknown parameters, and countable
systems of differential equations. A survey of the investigations on the subject can be
found in the studies and researches [3,6,8,10 ] .

In this paper ,we investigate the existence and approximation of the
periodic solutions for non-linear system of integro-differential equations. The
numerical-analytic method is used to study the periodic solutions of ordinary
differential equations introduced by Samoilenko [12 ] .

Consider the following system of non-linear integro-differential equations which

has the form :

d);f) =(A+B@)x@)+f (t,x (t),g(]G(t,s)x (s)ds)") (1.1)

where x € D cR" , D is a closed and bounded domain.

Let the vector function f (t,x,y)=(f,t,x,y).f,t,x,y),..f [, x,y)),
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is defined and continuous on the domain ,
(t,x,y)eR'xD xD, =(—0,00)xD xD,, (1.2)
where D, is a bounded domain subset of Euclidean space R" .
Let G (t, s) is (nxn) continuous positive matrix and periodic in t, s of period T

provided that :

jHG(I,S)‘HS <K,K>0

S, =Y KM > (1.3)

i=1

S,=>iK'M,;*
i=1 J

where S; and S, are convergent series.

We define the non-empty sets as follows:

D, =D-M,
D,=D-M, } (1.4)
and

V =[(H+L)B,t)0+LSQ,]<]I, (1.5)

where M, :%Q(Hé'0 +M) and M ,=ON S, +Q,(HS,+M).

By using lemma 3.1[12], we can state and prove the following lemma

Lemma 1. Let the vector function f (t,x,y) be defined and continuous in interval [0,

1], then the inequality
K, (t.x )| < B, (YO (H 5,+M) (1.6)

T
Satisfies for 0<t <T whereB (t) < >
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and
(2T M B ) +T (7 -1 )
T o[zl
Provided that:

K60 = [ TB6), 4 (5,8) = [T B (), 4 (5, s W

0 0

(For the proof'see [1 ]).
2. Approximate Solution of (1.1)

In this section, we study the periodic solution for the system ( 1.1) by

proving the following theorem .
Theorem 1. If the system (1.1) satisfies the inequalities (1.3), (1.4) and

Conditions (1.5), (1.6) has a periodic solutionx =x (t,x,), then the sequence of

functions:
x, (t,x,)=xe" +j-eA(”)[B (s)x, (s,x,)+f (s,x, (S,xo),i(jG(s,T)x'm (r,x,)d7)")

—#E]e““)[z; (5)5, (5 x ) +f (5., (5.5 ). ([ G5, 2)%, (e, ) ) s s
e - 0 izl

2.1)
with x,(t,x,)=xe" ,m=0,12,..

is periodic in t of period T, and uniformly convergent as m —  in the domain:
(t,x,) e[0T ]xD, (2.2)
to the limit function x (t,x,) defined in the domain ( 2.2) which is periodic in t of

period T satisfying the system of integral equations:
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x(t,x,)=xe” +j|-eA(”s)[B (s)x (s,x,)+f (s,x (s,xo),i(j[G(s,r)x (z,x,)dz7)")

—eATA Z TIe*““’[B (s)x (s,x,)+f (s,x(s ,xo),i(]G (s,7)x (z,x,)d 1) )lds ds
—L% .
(2.3)
which is a unique solution on the domain ( 2.2) , provided that :
lx, @.x,)—x | <M, (2.4)
and
e, @x ) —x, (t.x,)| < B,V V " (A-V ) (2.5)

forall m>1and teR".

Proof.

Now, by using Lemma 1 and the sequence of functions (2.1) when m= 0, we get:

A T
B jeA(T‘S)[B (s)x,

0

be, (@) —x o] =] xe™ +J‘eA("S)[B (s)x,+f (S,xO,O)—eAT
0

+f (s,x,,0)ldsJds —x e

t

lr _ )
<l e el s s

lr _ Ll - \T
(g e e s 0

el
£ (2MTD _ LBy T (M — Gl
||x1(t!x0)_x0||g (2 ° J|y ”) & < ) O[H S, +M]
e - |E|
<B(OOIH 5, +M]

STEQ[H5O+M]=M3
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and hence,
b, x ) —x | <M, (2.6)
ie. x,(t,x,)eD ,forall teR', x,eD, .
Suppose that x (t,x,)eD ,forall x,eD, , peZ”,
when m= p+1, we find that:

(t,x,)—x ||<M

I,
ie. x ,(t,x,)eD , forall t eR', x, eD, ,peZ”.
Thus, by mathematical induction , we get the following inequality:
|, @.x)—x | <M, (2.7)
ie. x, (t,x,)eD ,forall x,eD, ,and m=0,12,..

In addition to that, we find that:

T
[, x| =] xode™ +e B (1)x, +f (txy,0) e B ),
e — L

+f (s,x,, 0)]ds]H

At

<[4

e B Ol ol + 1 @.x,0)]

A A(T -
e B Ol 0

jro:
e Je]

<O,NQO +Q,[Ho,+M ]=

<o,NO +(© + WH o, +M]

and hence ,
%, .x,)| <M, (2.8
ie. X/(t,x,)eD, ,forall x,eD, .
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where

Jjro°
e e}

Also by induction, we find that:
|, x| <M, (2.9)

0,=0+

where

X Lx,)=x,de” +e’[B@)x, (t,.x,)+f (,x, (t,xo),i(_t[G(t,S)x'm (s,x,)ds)")

—%_E].e““)[B (s)x, (s,x)+f (s,x (s ,xo),i(]G (s,2)x, (z,x,)d7)")lds

izl

(2.10)
forall m=0,1,2,...
We claim that the sequence of function ( 2.1) is uniformly convergent on the
domain (2.2).
By using Lemma 1, and putting m=1in ( 2.1) , we have:

oo g) —x, e ) = e + [e LB (s)x,(5.x,) +
0

+f (s,x,(s,x,), Z(IG(S 7)x,(z,x,)d 1) )—

i=l o

S CRR IO

t

+f (s,xl(s,xo),i;l(jG(s,r)xl(r,xo)dr)i)]ds]ds —x.e” —J.eA(”)[B (s)x,

0

+f (s, xO,O)—

7 IeA(T’S)[B (s)x,+/ (s,x,,0)lds 1ds||

lr 4l -0

||x2(t,x0)—xl(t,xo)”S{”E”—(“—”E”ﬂ_[”ew )”[”B () [x (s, 5) —x o
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L (5 ) =0+ L, (S KM ), (5,0 )|
i=1

oM _ehir Y
+[ 7 _[E] me IEIOTEACEPERN

L (5x ) = o[+ L, (O KM )|, (5,0,
i=1

llr 4| )

sz(t,xo)xl(t,xo)H<{HEH(”—eHEHﬂjQ[HHx (s,x,)—x H+L Hx (s,x,)—x H

4l 4l =)

—e

4l H H

+L, Hxl(s X ;) —xOH +L2S3Hx'l(s ,xO)H]ds

+L,S Hx (s,x )H]ds +(e JJ.Q[HH)C (s,x,)—x H

e, (¢, x ) —x,(t,x,)|| < B,(¢)O (H + L)M ,+ B, (t)OL,S,M ,

or

e, @ x ) —x,(t,x )| < B, ()OI(H +L)M,+L,SM,]

let V,=[(H+L)M,+L,SM,]

SO,

e, @ x,) —x,(t.x )| < B, ()oY, . (2.11)
Also , when m=1in ( 2.10) , we have :

Hx'z(t,xo)—xl(t,xo)u :HxOAeA’ +e B (t)x,(t,x,)

0 S G086 ))) o [ B ()5, 5.

+f (t,xl(t,xo),i(jG(t,s)x'l(s,xo)ds)i)]ds]—oneA’ —e' B (t)x,

il o
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T

A(T—s)[B (S)XO +f (S,XO,O)]dS ]H

0!
0

”xz(t 1xo) _x.l(t ’xo)” < ”eA(tiS)”[”B (t)””‘xl(t 1x0) _x()” +L1 ||x1(t ’xo) _x0||

. ¥ .
LK MR S e Ol ) -

+L1Hx1(s ’xo) _on +L2(2KiM;71)Hx'1(S ’xo)H]dS]
i=1

SO,

et o) =%, (e x )| SOI(H +L )M +L,SM , + 4|ro [(H +L)M ,+L,S.M ,]]

- e]
”x (t X ) X (t X )”—(Q + ||AT|| ﬁ ”)[(H +L1)M3+LZS3M4]
and hence,
Hx'z(t,xo)—x'l(t,xo)HSQlVl ) (2.12)

Now , when m=2 in the sequence of functions ( 2.1) , we get :

eyt g) =x,(t.x )| =[x oe + [e VLB (s)x, (s ,x,)
0

f (5,3,(5,%,), Z(IG(s 0¥ (rixo)d7) ) - —

— e B ) ,x,)

o (S,xz(S,xo),i(]G(S,T)xz(f,xo)df)")]dS]dS —x e = [ LB (5)x, (s x,)

0

+f (s,x,(s,x,), Z(IG(S )X, (7,x,)d7) )—

— e B ) (s x,)

+f(s,xl(s,xo)z(]G(s,r>xl(r,xo)dr)")]ds]dsu ,
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so, by using Lemma 1, we find :

HAHT HAHT ~t
||x3(t1xo)_x2(t!xo)” {”E” ( Al ||E|| j:lj”e

+L1Hx2<s,xo)—x1<s,xo)H+L2<Zi’<"Mi‘l>sz(s,xo)—x'1<s,x0>HldS

| EACEPEEACED)

M _ oMl
+£ Al HEH ]Ne”‘(’ )H[HB(S)HHX (s, xo) Xl(S XO)H

+L1HXZ(S ’xo) _xl(S ’xo)H +L2(ZiK iMiil)Hx'Z(S ,Xo) _xl(s ’xO)H]dS
i-1

l4lr -0

”xs(t’xo)_xz(t!xo)”S|:||E||_(W]:|J.Q[(H+L)||x (S xo) xl(S xo)”

+L2S4Hx'2(s X o) =X, (s ,xO)H]dS

I _ e )7
J{ 7 _[E] }JQ[(H+L1)sz(s,xo)—xl(S,xo)H

+L,S I, (s, ) =%, (s, x,)[lds

so, we have:

by (2, ) —x,(t,x )| < B,()O[B,()QV H +B,(t)OV.L,+ LS 0OV,]
<B,@)OVI(H +L)B,¢t) +L,S0,]
<B,(t)OV.V,

and hence,

e, x o) —x, (¢t .x )| < B,(0)OV,V

where S4=ilinM;1 , V =[(H +L)B,¢)0+LSQ0,],

and with the same , we find :
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”xs(t’xo) _xz(t1xo)” S”eA(I_X)”[”B (t)””xz(t!xo) _xl(t’xo)||+[’1”x2(t’xo) _xl(t’xo)”
A
"’L2S4sz(tvxo)_xl(f’xo)H+ ATH HH HJ.HQA(T )H[HB (), (s, ) —x (s, x,))|

+L1HX2(S ’xo) _xl(S ’xo)H +L2S4Hx2(s ’xo) _x1(s ,XO)H]dS]

So, by using inequalities (3.2.11) and (3.2.12), we get:
K, @.x ) =X, @.x,)|<OI(H +L)B,(1)OV,+ LSOV,
<QV.[(H +L)B,(t)0 +L,S,0,]
<QV.V,

[(H +L,)B,()OV, +L,S OV ]l

and hence ,
Hxs(tlxo) —XZ(I,XO)H SQlVlV :

Suppose that the inequality

x, . (tx,) —xp(t,xO)H <B,(@)V. V'™,

and

¥, (x,) =% (x| <op vt
are holds for m=p ,then we have to prove the following inequality :

X, (X)) —x (%)< B, @)V, V" . (2.13)

Now also by using lemma 1, we find :
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lalr _ 4l )

xp+2(t,x0)—xp+l(t,xo)||<{||E||—[M—HEHH j||eA<t 1B s~

X ,a(8,x,) =% (s ,xO)H]ds

X ,4(8,%0) =%, (s,x,)

x L (5,x0)—x (s ,xO)H +L2(ZiKiMj’l)
i=1

T AT
+[ T _E] )Ne IilB )l

pals130) =%, (5,x,)|

+L, | . (s,x,) —xp(s,xo)“+L2(ZiKiMj‘l) x'pﬂ(s,xo)—x'p(s,xo)u]ds
i=1
So, we have:
X, ,) = x,,(tx,)| < B,()QLHB,()QV .V " + LB, (t)OV,V " + LSOV, V "]

<B,)QV,V "(H +L,)B,(t)0 +L,S 0]
<B,@)oVv, V",

and hence ,

%, =X, (%) < BV, V" (2.14)

thus, by induction the following inequality holds:
be,ax)—x, €x )| <B@OQV, V" (2.15)

where V =[(H+L)B,t)Q+LSQO] m=123,..

From (2.15),we conclude that for k > 1 ,we have the inequality :

||x m+k (tlxo) _'xm (t ,xo)” = Z
j =0

xm+1+j (t’xo) _'xm+j (t 7'x0)|| 4
such that

b, x)—x, (tx )<Y
i =0

j=

X i1e) (t’xo) X e (t’xo)”

<> B,()QV,V "
j=0
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<B,@)OV,V "3V
=0
<B,t)ov,@-v) v
and hence,
o €x ) —x, (,x )| < B.@)OV, A=V )V " (2.16)

forall teR', and x,€D, .

Since V<1l and limV " =0, where m=1, 2, 3,..., , so that the right side of

m—>0

(3.2.16) tends to zero and, therefore, the sequence of functions ( 2.1) is convergent

uniformly on the domain ( 2.2) to the limit functionx (t,x,) which

is defined on the same domain .

Let
lim x (¢,x,)=x_(t,x,) (2.17)

m—x0

Also, by the lemma I, and the inequality (2.16) the inequalities ( 2.4) and (

2.5) hold for all m 21 .
By using the relation (2.17) and proceeding in (2.1) to the limit, when m — o,

this shows that the limiting function x (t,x ) is the periodic solution of

the integral equation ( 2.3).

Finally, we have to prove that x (t,x,) is a unique solution of (1.1),

assume that r(t,x,) is another solution for the system (1.1), i.e.
r(t,x,)=xe” +IeA("‘Y)[B (s)r(s,x,)+f (s,r(S,xo),i(IG(s,r)f(r,xo)dr)’)

A
e'' —E

]‘e““)[B (s)r(s,x,)+f (s,r(s,xo),i(j.G(S,T)’”(T’xo)df)i )Jds Jds -
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Now, we find the difference between them:

e @t,x ) —r(t,x,)|= ||x e+ j-eA(”)[B (s)x (s,x,)

T

+f (s,x (s,x,), Z(_[G(s 7)X e "B (s)x (s,x,)

0

+f (s,x (s ,xo),i(]‘G(s )X (7,x,)d 1) )lds lds —x ™ —]eA("S)[B (s)r(s,x,)

0

+f (s,7(s,x,), Z(IG(S )i (z,x,)d 1)’ )— — J.eA(T’”[B (s)r(s,x,)

+f (S,I’(S,xo),i(]G(S,T)If'(z',xo)dz')i)]ds]ds“ .

Thus
4| l4(r )

ettt - < e ol g -rec

AL x (S,xo)—r(s,xo)“+L2(iiKiMj‘l)“x (s,x) — (s, x,)[lds

QM _ghieoNe
Ml T “JE] J.He

+L,x (s, ) =7 (s,x,)| +L2(Z.0:iK MK (s.x,) = F(s.x,)|lds

[HB (s)HHx (s,x,)—r(s,x )H

AT A||(T
Ui _ Gl

[ (t,xo)—r(t,xo)”<{||E||—(66“WH [OLH | (s.x,) 7 (s.x,)|

+L,|x (s,x,) = r(s,x,)|+ L,S, [x (s,x,) = (s, x,)|lds

4 4l -) \T
+[eeAT iHE H }}"Q[H Hx (S,XO)—V(S,XO)H

+L e (5,0) = (s )|+ LS, s ) = s o) s
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and hence,

HX (t!xo) - F(I,XO)H SBI(Z)Q[(H +L1)HX (tlxo) - F(Z,XO)H +L2S4Hx (t’xo) _’;(t’xo)H]
(3.2.18)
Also, we find :

@) =7 x o) < e B @l @ y) = (x| + Ly fx (x ) = 7 (x|

. . A f A(T =5
+L2S4Hx (t,x,)— r(t,xO)H +e“H——HHEHIHe ( )H[HB (S)HHx (s,x,)—7r(s ,xO)H
0

+L, Hx (s,x,)—7r(s ,xO)H +LZS4Hx' (s,x,)—7(s ,xO)H]a’S]
<QO[(H +L1)Hx (t,x,)— r(t,xo)H +LZS4Hx' (t,x,) —f(t,xO)H

l4]ro ) TN
+eAT_HEH[(H + L) (2, o) =7 ()| + LS, [ @ o) = 7, x )|I]

< + L 101 + L) v )~ rex )]+ LS, J e )~ )
e —|E]

and hence,
HX (t’xo) _f(t1xo)H SQl[([—I +L1)H'x (t1x0) _r(t!xo)u +L2S4H)f (t!xo) _’;(tlxo)u]'

(2.19)
From inequality (2.18) and (2.19), we obtain:

e (% 0) =7t x )| < BLOOLH + L) |x (2,3 ,) — 7t ,x )| + LS, [ (¢t x ) =7t x )]
<B, ()0 {(H +L)B,(t)O[(H +L,)|x (t,x,)—rt,x )|+ LS, % ,x,)—r(t,x )]+

+L,S O(H + L) (t,x,) —r(t,x )|+ LS, [ @.x ) =7 .x,)|1}
<B,(t)O((H +L,)B,(1)0 +L,SO)(H +L)|x (t,x,)—r.x,)|+
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+L2S4H)é (t ’xo) - r.(t’xo)u]
<CV,
and hence ,

||x (t,x,)—r( ,xo)” <cy .,

where C, =B, (t)O[(H +L1)Hx (t,x,)—r( ,xO)H +L,S, Hx (t,x,)—r(t ,xO)H] ,

so, by induction , we get :

||x (t,xo)—r(t,xo)”SClV’" (2.20)
From inequality ( 2.20) and by using ( 1.4), when m — o, V" — (), we obtain:

Hx (t,x,)- r(t,xO)H <0, thus, we find that:

x(t,x,)=r(,x,),

hence, x (t,x ,) is a unique periodic solution of non-linear integro-differential

equation( 1.1), forall t eR", x, eD,.

3. Existence of a periodic Solution of the System (1.1).
The problem of existence of periodic solution of period T of the system (1.1) is

uniquely connected with the existence of zero of the function A(x )
which has the form:
A:D, >R"

A
e'" - FE

AGro) = Je OB ()€ x )+ €k €x ) S ([ G ) (s, )ds) e

(3.1)
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where x (t,x,) is the limiting function of the sequence of functions x  (t,x ).

A,:D, >R’
A (o)== ETje“”[B(r)xm(z,xo)+f(r,x,,,(r,xo),i(]c;(r,s)xm(s,xo)ds)")]dr
(3.2)

where m=0, 1, 2, 3,...

Theorem2. . Let all assumptions and conditions of theoreml. be satisfied, then the
following inequality hold :
|AG )= A, (x,)| <N, N,O*(H +L)B,WV "*A-V )V, =p, (3.3)

A|\T
where N, :eAHT—‘—‘HEH , N,=[1+L,S,0,1-0,L,S,)"] and O, =(Q + N Q?)

Proof. By using the relations (3.1) and (3.2) ,we have :

A
TH HH H)J'HeA(T t)

L) = x| (K M )~ )R

JAG )= A, (x,)]| < ( Wl

‘B (t)HHx (t,x,)—x,(t, xO)H

A ) -, )< ”H ot +Llr x5, .5}

+L,S, %, (t.x ) =X, (t,x )|l
<( J‘f‘ﬁ DI + L)l )=, 05 )]+ L5 5 5, 0]
<NQO[H +L1)me(t,xo)—xm(l,xO)H+L2S4Hx'm(t,xo)—x'm(t,xO)H]
ﬂi’@o)_Am (SN OUH + LY xg)=x, x|+ LS, [ (x) =%, (€x )]

(3.4)
Also

wa(t’xo) _'X:m (l‘,XO)H SQ[(I_[ +L1)wa(t1xo) _xm(t7xo)H+L2S4ono(t1xo) —)(,:m (t7xo)H
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+NOI(H +L)|x, (.x,)—x, (x| + LS, [ (t.x ) =%, (t,x,)[I]
SO +NONMH +L)|x(x,)=x, (€ x )|+ LS, [x.@,x) =%, @ x,)[]

SOMH +L)|x () —x, (t.x )|+ LS, [x . (t.x ) -2, (t.x,)]

and hence,

wa(t’xo)_xm (t’xo)H SQl[(l—] +L1)wa(t1xo)_xm (t’xo)“+L2S4“xw(t’xo)_x:m (t,xO)H]

From the last inequality ,we have:

ono(t!xo) —Xm (t!xo)H < (1_Q1L2S4)_1Q1(H +L1)wa(t’xo) X, (t’xo)

)

(3.5)
By substituting inequality ( 3.5) in ( 3.4) , we get :

|AG )= A, ()| SN, OQH +L)|x, (t.x,)—x, ,x,)|+
+N,Q(H +L,)L,S,0,1-0,L,S,)  |x (t.x;)—x, (t,x,)|

And hence:

|AGg)=A, (x,)|<N,OH +L)B,@)OV,V "*(1-V)*
+N,Q(H +L)L,S,0,1-0,L,S,)'B,(t)oV. V" *A-V)"
<N,N,Q°(H +L)B,tWV,V"*Q-V)",

Thus

|AG )= A, (x )| SN, N, O (H +L)B, @V, V" 1-V ) =p, .

Le. the inequality ( 3.3) will be satisfied for all m >1 .

Theorem 3. Let the system (1.1) be defined in the interval [a,b] on R' and

periodic in t of period T . Suppose that the sequence of functions (2.1) satisfies the

inequalities:
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. N
minA (x,)<-p, ,
a+M;<x,<b-M,

maxA (x,)<p, . ‘ (3.6)

a+M;<x,<b-M,

J
then , the system (1.1) has a periodic solution x(t,x,) for which

x,€la+M,b-M,]
where p =N, N,Q*H +L)B.GV.V " A=V )" , M, :TEQ(H@) M)

Proof. Let x,x, be any two points in the interval [a+ M ,,b —M ] such that :
A (x)=minA (x,) )
a+Mz<x,<b-M,

A (x,)=maxA (x,) [ (3.7)

a+M3£x0Sb—M3)

By using the inequalities (3.3.3) and (3.3.6) ,we have :
A(‘xl) = Am (‘xl) + (A(‘xl) - Am (‘xl)) <0
A(-xz):Am(xz)—}_(A(xz)_A (Xz))ZO . (3.8)

m

1t follows from the inequalities (3.3.8) and the continuity of the function
A(x,) that there exists an isolated singular point (x )=(x,), x_€[x,x,],
such that A(x,) =0 . This means that the system (3.3.1) has a periodic solution
x(t,x,) for which x,ela+M_,b-M,] .
Remark 1[5 ]. Theorem 2 is proved when x , is a scalar singular point which

should be isolated, thus we have :

Theorem 3. If the function A(x,) is defined by A:D, —R", and
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i=l

Alx,)= TeA(”)[B ) (t,x,)+f (t,xw(t,xo),i(t G(t,s)x (s,x,)ds) )dt
-E

(3.9)

where x _(t,x,)is a limit of the sequence of functions ( 2.1), then the following

inequalities hold :

|AGe) <M, (3.10)
where
T 9 T

=(L-J0H)" , M, =N,Q(HSOM,+- QUMM+ M)

and
T

|AGes) = AGe )| < (R F (0 + 5 EONF) + F) v = (3.11)
is satisfies for all x,,x,x, , where E,=Q(H +L,) , E,=QL,S,

Proof. From the properties of the function x _(t,x ,)as in the theorem 1, the

Sunction A(x,) is continuous and bounded by M  in the domain (2.2).

From the relation (3.9), we find that:

A A(T —t
lae ol ”H u”‘e B Ol ¢ x,)

+‘/(t,xw(t,xo),i(jG(t,s)xw(s,xo)ds)i)]dt
so, we have :
4|7
HA(XO)HSeAT _HE HQ[H “xw(t’xo)“‘i'M]
4|7 4l
81 L0t e Corl L om (3.12)
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Since the function x (t,x ;) satisfies the integral equation ( 2.3), then we have:

fex )l =[eolle [+ Je B (s)x.(s.x0)
0

+f (s,x (s, )z(jG(s D) (7xo)dT) ) - EIeA(T“")[B(s)xw(s,xo)

of (55, (5,2 ) 2 G600 (2,0 o) s s

il _»

Now , by using lemma 3.1.1 , we get :
b (t.x,)|=60 +TEQ[H e (s.x,)|+M]
SO,
ke (t,x,)]|=5,0M, +TEQMM5 . (3.13)

Thus, substituting inequality ( 3.13) in (2.12), we get the inequality ( 3.10).
By using relation ( 3.9) , we have :

T
e"" OB (t)x (¢, x,)

0

A -AGD)|=

T

+f (t,xw(t,xé),zw:(]G(t,s)x'w(s X )ds)")dt —%Ej.e“(“)[B t)x (t,x2)

- 0

+f (x, (. x0), Z(jG(r $)X (5,2 )ds) ek |

i=1 o

INEHENES )H_ AHT r _T HQ[HHx (¢,x))=x x|+ Lx, (t.x)) —x (.x2)|

LS, [ x) =3 x))]
SO,

|AGes) =~ Al

X (x)) =% (xd)] -

11 173

108



A International Journal of Scientific Engineering and Applied Science (IJSEAS) - Volume-1, Issue-5, August 2015
IJSEAS

ISSN: 2395-3470
www.ijseas.com

(3.14)
Now, we find that:

IR E e

+ HeA (t—s)

0B @ . @ .x5) = (t.x)]

+L,

X, (6x D) x|+ LS, ¢, @ x ) —x, x D)]

A N
eAT_HEHNe H[H (S)H“xw(s’xo) xw(s’xo)H

+

+L,x (x ) =x (¢ ,x )|+ LS, [x, (.x ) =% (.x)|lds

W @x) =X (x| <|xs—x 2| NO +OI(H +L)|x (¢,x))—x (¢,x2)

+L,S,

L (tx) =%, (x )|+ N OIH + L) (s.x)) —x (s, 7))
i (xg)—x, (x|
<y —x3|NQ+OIH +L,)|x . (.x5)—x.(t.x3)]

1

+L,S,

+L,S, |l (. x3) =% (6 x0)

and hence
e, @x) =%, @x2)|<|x;-xiNO@-0,LS,)*

+0,(H +L)A-0,L,S,)  |x (t.x))—x (t,x2)]
W, @xd)—x, (t.x))|<|xs—xi|NOF, + FO(H +L)|x (t,x;)—x (t,x2)| .

(3.15)
where F,=(1-0,L,S,)"

By substituting inequality ( 3.15) in ( 3.14) , we get :
[AG) = A <N E e, 0x0) =x x|+ N ENOF, [ —x ]
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+N,EFQO,(H +L)|x (t,.x})—x (t.x)
<(N,E,+N,EQ,F,(H +L))|x (t.x})-x_ (t.x})|+N,ENOF,[x;-xZ|.
Putting
F,=(N,E,+N,EQF,(H +L)) and F,=N,ENOF,
so, the last inequality becomes :
[AGeo) = AG )| < F e, (6 g) —x (x| + g -] (3.16)

where x_(t,x,) and x (t,x.) are the solutions of the integral equation :

x(t,xl)=x5e" +jeA("“)[B (s)x (s,x5)+f (s,x (s,xf),i(]G(s,r)x (z,x5)dz7)")

A
-E

]eA(Ts)[B (s)x (s,x§)+f (s,x (S,xg),i(j.G(S,T)x (T,xg)dz-)")]ds]ds

(3.17)
with
x,(t,x,)=x, ,wherek=1I,2.
From the equation (3.17) and by using lemma 1, we have:

e (et —x. )] <l —x

ol

+L1wa(s,xé)—xw(s,xOZ)H+L2S4‘x'w(s,xé) —x'w(s,x(f)‘

ME oo
| hr “IE] IHe

+L1wa(s,xo)—xm(s,x(f)H+L2S4 x'm(s,x;)—x'w(s,x(f)‘

At

B (s

x,(s,x5) =, (5,%5)|

ds

[T—

B (). s1x5) =x . (s, x)

ds

[ —

so that :
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) =x x| < -xdlo 40 + L. () —x. ()]

T . :
+EQLzS4 xw(s,xé)—xw(s,xj)u . (3.18)

Now, by substituting inequality (3.15) in (3.18), we get:

||xw(t,x;)—xw(t,xoz)”S”x;—x(f”Q+TEQ(H+L1)||xw(z‘,x;)—xw(z‘,x(f)”

+TEQ °L,SNF,[xi—xZ]+ TELZS4F4Q1Q (H +L)|x, (t.x))—x (x|

() —x )] S GLSFOE +TEN (x)=x (x|

+(EONF, +0Q)|x} ~x]
so,
o) = (x| Q- G LS FOE, + )€ EONF, + Q)i ~x].

uxw(f,x;)_xm(t,xg)ugg(%wzvg+Q)Hx;_xgu | (3.19)

where

T T _
F7 = (1_ (EL2S4FAQ1E1 +EE1)) '

Also, substituting inequality (3.19) in ( 3.16) , we get the inequality (3.11).
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