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Abstract
Two independent fixed sized samples are drawn from continuous uniform

distributions on (0, 8;) and (0, 8,) respectively. Problem is to improve
the estimator of 6. If the hypothesis that 6,;= 0, is accepted, we use both
the samples to estimate 6, ; otherwise, use its UMVUE based on the first

sample alone. The likelihood ratio test is developed to test this
hypothesis. Its properties are studied. An improved estimator is suggested
and its properties are studied. The mean square error (MSE) of this
estimator is compared with the variance of UMVUE based on first
sample. The regions in which new estimator is preferable are identified.
Graphs for a few specific values are also given.

Keywords: Preliminary test estimation, Estimating parameter of
rectangular distribution, improved estimator of parameter of continuous
uniform distribution, Likelihood ratio test, Estimating parameter of

continuous uniform distribution.
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1.INTRODUCTION: Let X; ,Xp, ... ,X, and Y; ,Y,, ... .Y, be two
independent random samples from continuous uniform probability distributions

on (0, 8;) and (0, 8,) respectively. Let X and Y be the maximum values in
these two samples respectively. The problem is to estimate the value of 8, Itis
suspected but not known for sure that 6; = 6, Therefore, we use the two
samples to test the hypothesis that 68, = 8,. If the hypothesis is accepted, we

use both the samples to estimate 6¢; otherwise, use just the first sample. We
provide here the necessary test and the estimator in this situation. We study the
properties of the test and the estimator. This estimator is compared with the
usual unbiased estimator based on maximum likelihood estimator based on
single sample.
2. LIKELIHOOD RATIO TEST TO TEST Ho: 6; = 6,: The pdf’s of X
and Y are given by
fo, (X)=(n/ 6;")X™, 0<x< 6y , 61>0 (2.1)
And g, (y)= (m/ 8,™)y™, 0<x<6, , 6,>0. (2.2)
The joint pdf of (x,y) is
fo,,0,06N=IMn/(( 81")( 02X Y™ (0,6, () (0,6,) (¥) (2.3)
The parameter space is,

® ={(6,,60,),0, =6,,6, >0,6, >0}
To test Ho: 8; = B,against H;: 8; # 6, ,we have,

00 = {(01,0,),0, = 05,0, > 0,6, > 0}
and®; = {(64,6,);6; # 65,0, > 0,6, > 0}

If 6; # 6, and both are unknown, x and y are maximum likelihood

estimators (mles) of 8, and 8; respectively. Therefore,
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Sup (0 € ©)) = fp, 9, (xy) = (M/(X"y™) X" y™* = nm/(xy).
If 6, # 8, = 0, say, the mle of 6 is max(x, y). Therefore,

Sup (8 € ) {fs, 6, (xy) }=Inm X" y™"/{ (max(x,y))™"}]

Therefore, the likelihood ratio

Sup (0€0) {fg 6, XY}
Sup (6€0o) { fg,6, XY}

L.R.(x,y) =

=[[nm x™* y™* /{ (max(x,y))™ "}/ [nm/xy]]
= (y/xX)", ifx >y (2.4)
Putting T= X/Y, we have,
L.R.(x,y)=t", ift<1
=t" ift> 1.
Thus, the likelihood ratio test to test Ho against H; is: Reject Ho iff  L.R.(x
Y) < ¢, where, ¢ is some constant so chosen that size of the test becomes a.
The test is equivalent to: Reject Ho iff L.R.(x,y)= LR(t) <c, i.e.; iff t" <c for
0<t<1 and (1/t™) < c for t> 1.That is, reject Ho ift<c* for0<t<1 andift
> ¢ V™ for t>1.
Thus, the test is
Ot)=1,ift<c’ for0<t<1 andift>c"™ for t>1.

=0,otherwise. (2.5)
Applying equal tail criterion,
Pu{t<c’ =P {t>c'™ =a2 (2.6)

To calculate probabilities in (2.6) we have to know the probability distribution

of T. For this, let T=X/Y and U= Y. If 0< t < (6/6,),0<u< 6,.1f (6,/6,) <

t <oo, 0 <u < (61/t). X =TU. The Jacobian of transformation

dx  dy

—lat at| _ |[u 0] _

il d_y_lt 11=% @7
du du

The joint pdf of T and U, using (2.3) and (2.7) is
ho, e, (Ut) = (0/ 6;")(m/ Bt "u "M O<t<oo, 0<u< B, , 0 <tu<b; (2.8)

=0, otherwise.
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Integrating (2.8) w.r.t. u, we get, the marginal pdf of T as

n
nm (%) tn—l
n+m \6,

hel,ez (x,y) =

he, 6, )= (NM/(n +m))( 6,/6,)" ™, 0<t<(6,/65)
= (nm/(n +m))( 61/62) "Wt ™), (01/02) <t<eo.  (2.9)
If 8, =6, =86,i.e.;under Ho, we have,
hg () = (nm/(n +m))t "™, 0<t<1
= (nm/(n +m))(Lt ™Y, 1<t < oo, (2.10)
Note that this is independent of 4.

If the samples are of equal size, i.e.; if n =m, (2.9) becomes,

hg, e, ()= (n/2)(02/61)"t™, 0<t<(6,/6,)
= (n/2)( 0,/6,) "W/t ™Y, (01/05) <t<oo. (2.11)
If 68, =60, =0 ,aswellas n=m, this reduces to
ht) = (n/2)t™, o0<t<l
=(n/2) (1/t™), I<t<co. (2.12)

From (2.5), we have,
(nm/(n +m)) foc t?=1dt = (nm/(n +m)) f;’(l /e 1)dt = 0/2.This gives

the critical region to be
R = {(0,( a(m +n)/(2m))*")yU((2n/ a(n+m))™™, o0)}

={(0,3/(a(m + n)/(2m)) U("yY/ (2n/ a(n + m)), x)} (2.13)

If m=n, the critical region reduces to, R,= {(0, Va ) U (Y 1/a ,0)}. (2.14)

The power of the test (2.5) is given by,
By(01,02)= E o1 a2(@(T)=P[ (t<c™)U (t>c™™)]

n (a(m +n))

:J'{'] 2m

co
m

h(t;el,02)dt + [ ————h(t;e1,02)dt
\'(a(n+mj)
nm (el

2m -1 nm (el e 1
f{] th dt + n+m(82) m fmm (1/tm+ )dr

n (a(m +n))

— nm (92)
- 1—n
n+m \el

4
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= M (2) na(m +n)/2mn) + 22 (2) m a(m +n)/(2mn)
= W/2[(661)" + (0:4/6:) "1 =3 [%] (2.15)
=@ A0 e, (2.16)

2 7(0,0)"
3. ESTIMATOR TO ESTIMATE 6:

Consider the following estimator

. nla(n+m) m 2n
T= X, ifT < \ 2m orT > A a(m+n) (3.1)

Z, otherwise

where Z= max(X,Y)
The pdf of Z is given by,

(n+m)zn+m+1

orom ,0<z <0,
f(z101,02)=§ mz™? 0, < z<0, ,81<6, (3.2)
o ! -
0 ,otherwise
And
(n+m)zn+m+1
W, 0<z<L 92
f(ZIel,GZ): nz?’l—l 92 < 7z < 91 ,925 61 (3.3)
o ! -
0 ,otherwise

The expected value of Z is,

nem*tt mé, .
(m+1)(n+m+1)6" + m+1’ If 0, <0,
E(Z): o (34)
moy} né, if 6, <0
m+1D)(n+m+1)6% = n+1’ 2 ="
and
5
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2no*2 mﬁz

E(ZZ)— (m+2)(n+m+2)6‘m f 91 < 92
B mey? n612 .
(n+2)(n+m+2)67 = n+2’ If 0, <06
If 0,= 05,
_ n+m
1. E(2)= e 01 (3.5)

Which is expectation of maximum of (n+ m) observations.

m+n 2
m+n+2 1

2. E(Z%)=

Which is expectation of square of maximum of (m+ n) observations.
We have the p.d.f.s,

fix(X | 0y)= = 1(0 6,) (%)
fy(y | 92) [(0 92)(37)
ﬂ(&)”tn-l 0<t<t
n+m \0, ' 0,
hr(t| 61, 02)= nm (6,\™ 1 A
n+m (9_2) tm+1 ' g, st<e

hy 1t (y,t] 01, 62)=
{gngmym"'”‘lt” Lo<t<w, 0<y<f, 0<ty< 91(3 6)

0 , otherwise

2 <t<00,0<y<Zandif 0<t<22,0 <y <6,

2

e e
n"'_mym+n 1tm+”,0<y<71,6—:£t<oo

n+im
1

h(y [ t, 81, 62) = (3.7)

1M nem-1 0<t<%, 0<y<8,
2

m+n
62

0 , otherwise
X X
LetusputY:;, T=V, O<;<92, 0<V <

Jacobean of transformation is,
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a ar
|]|_ dx dx| _ 1
dv dv

Therefore,

nm xn+m—1

h(x,v | 61, 8,) = igfe? ymrl

, 0<x<6, 0<v<oo, 0<f<92

0, otherwise
In our notation, V=T= é , therefore,

h(x,t| 04, 0,) =
{ﬂx“m'%'(m“), 0<x<f, 0<t<o, 0< f < 8,

6197

0, otherwise

(3.8)

O<J—£ < 0, 0<x<0,t, also 0 < x < O, therefore 0 < x < min { 01, 05}

If0 <t<% ,this implies that 0 < x < 6,t
2

61

If 5,

<t<w, 0<x< 6

Therefore, the conditioned density of X given T is given by,

MM min—1p—(m+n) %
X t , 0 <t <55 0<x <O,
h(xIt, 0., 0,) = Jez*™ 0 02 2 (3.9
mm o min-1 9% o0 0<x < B,
01 0,

let A= (0, " [2BE™y A, = (M| =22 o) and A= Ay U A,

2m a(m+n) ’

Consider the estimator T~ defined earlier,

T*_{X, if Te A
“z, ifTeac

Thus, T = X Ly (¢) + Z 1,(¢)
Therefore,
E(T) =E (X [,(2)) + E(Z 14,(1))

n 7]
OnA,0<T< fa(n+m) <= therefore,
Zm 65

n+m
n+m+1

E(X1teA,)= ot
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n n'a(n+mj
[N dt

E(X I, (0) = ”‘9’“(%) A

n+m+1 2 n+m

1

_«a ( m+n ) ( n ) {a(n+m)}ﬁ 63+t
~ 2 \n+m+1/ \n+1 2m on

n+m 2.2
92
+m+2

axﬂteAg_

n n'a(n+mj
J‘ 2m tn+1 dt

0

E(XC 1, (1) = o 0F 7 (22)

n+m+2 n+m

2

_«a ( m+n ) ( n ) {a(n+m)}ﬁ o+2
~ 2 \n+m+2/ \n+2 2m om

In general,

r

E(Xr I,ql (t)) :% ( m+n ) ( n ) {a(n+m)}£ 65;’"

n+m+r n+r 2m

OnAz,t>— and

2

n+m
n+m+1 1

E(X |te A,) =

E(X I, (£)) = ——— 1n+m( ) fmJT s dt
oc(T+1)

_a ( m+n ) (6{““)
T2 \n+m+1 o

B[ te A= o 0
FOCE0)=5 (72) (%)

In general,

EX1,0) =5 () (%) r>o

But T'=Xif Te A; or Te A, , i.e. if Te A

Therefore actually we want,
E (X 14(0)) = E[X Iy, (t) + X 1, ()]

ISSN: 2395-3470
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(3.10)

(3.11)

(3.12)

(3.13)
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1
T2 (n+m+1) {n+1( 2m e T em (3.14)

ECXT L (1)) = E(X" Ly, (0)) + E(X 14, (1))

r

_a ( m+n ) n (a(m+n))n 651”_'_ s
"2 \n+m+r/ |n+r 2m or o

Consider,
E[(X La(t) - 01)7] = E[X? L4 (£) - 26, X L4 (¢) + 6F]
= E[X?14(t)]- 2 0,E[X I4(2)] + 6%

a ( m+n )(m+n+3) otz +
2 \n+m+1/ \m+n+2/ 6"
1

1
« a(m+n)n 627 | fa(n+n)|n 6- _ 28, 2
n(n+ ){ 2m } or [{ 2m } (m+2)(m+n+2) m+1)(m+n+1) +91 (3 15)

T*—{X’ ifo<t<g, C, <t< o
7, ifc<t<c

Z=max (T,1) L4c(2), A= (cy,C0)

g
NOtethatC1 < 6_: < Cr , C1<1<C2

4, CASE-1 0,<0,

X, 0<t<g
Y, c¢<t<i
2
=1y, gl<t<1
X, 1=t<c,
\XJ CzSt<OO
Thus,
T*:X{I(o‘cl)(t)+ I(Cz,w)(t)}+X1(1,C2)(t)+Y1( 91)(t)+YI( 11)() (4.1)
6 r

Therefore, E(T") = atb+c+d;
Where, a= E[X{Toe®)+ [n®)}, b= EXTux®)]

(0)]

= I 1o
c= E[Y (61’9_;)(0], d=E[Y (91’1)
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a= E[X { L 0eny(t) + [ (c20(t) }]
1
_a (( m4n n (a(m+n)\n 6t o1
-2 () { o () o+ )

E[XZ {1(0,61) (t) + 1(62,00) (t) }] :% ( m+n ) {i (a(m+n))% 951:2 n ﬂg’;z}

n+m+2 n+2 2m

b= E[X I(1,¢,) (€)1 =Ell(y,c,) () EIXTte (1,cr)]]

_( m+n ) 9. [r1m (ﬁ)m 1 dt
n+m+1 1NH hem 0, gm+1
noIntl a m+n oMt

T (m+m+1)6" 2 m4n+1 1

non+z a m+n OI*2

(n+m+2)63" C 2m+n+2 6t

E[X? [(1,c,) (0] =
Now, we consider

_ - %
c=E[Y ] (Cl,%)(t)] =E[l (61’9_;)(0 E[Y Ite (cq, 92) ]

:( m+n ) 9 m(&)” g_;t”_ldt _ mo, _a _m+n 95”'1
n+m+1) 2m+\6,/ Je; n+m+1 2 m+n+1 67
) _ mb? a m+n ONt?
BV, oy O 2 2 2 607
g, n+m+ m+n+2 6]

01
d=E[Y I(ﬂ’l)(t)] = E[J((.s1 (M) E[YIte (9—2, 1)]

62 @’1)
m
m+n 0 (61) mn 1 1 d
= - — —at
(n+m+1) 1 8- m+n g—;tm’fz
mno, mngntl

B (m+1)(m+n+1) N (m+1)(m+n+1)65"

mno3 mn@nt?
(m+2)(m+n+2) (m+2)(m+n+2)67"

2 —

Froma, b, candd

10
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1
x a { m+n n a(m+n))£ o+t et
= - +
E(T) 2 (n+m+1) {n+1( 2m or + ;"
nonti a m+n omMt! . mo, a m+n O}
(n+m+1)6J" 2 m+n+1 0" n+m+1 2m+n+1 o0
2 2 1
mno,
(m+1)(m+n+1)
mn9m+1
o m
(m+1)(m+n+1)6;
Thus,

2m+n+1 67 [n+1\ 2m (m+1)(n+m+1)07"  m+1

N n+1 2 m+1
E(T)= @ _mtn_ 6% {1 () 1} P + 10 (49)
In estimating @, by T~ the bias is,

br- (52)=ET)- 6,

1
_a_min g3+t . nen*1
0, n (a(m-i-n)) _ 10+ 1 — mé, _ 91 (43)
2 m+n+1 Bn n+1 2m (Mm+1)(n+m+1)0] m+1
We also have,

E(T?) =E[X* {Io,c;y O+ Ic, oy OF+EDX Iy 0y OT+ELY?] NG
6

+E[Y21 (t)]

2
_x m+n 9n+2 n (a(m-l—n)); 1
2m+n+2 07 [n+2\ 2m
nen*2 [ _ m] moz
(m+m+2)0;"

m+2
2
E(T*2 @_min 9n+2 o (a(m+n)); 14+ 2ng "2 07 (4.4)
2 m+n+2 O [n+2 2m (m+2)(n+m+2)5'm m+2

The MSE (mean squared error) of T~ in estimating 6 is given by,

n
m+2]

[1

m+n+2

11
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2m+n+2 601 [n+2\ 2m

n+2 =
E(T-6.)°=E(T)*-260,E(T)+6,*= a_min_ B { - (“(ern))n — 1}

B n+m 6;”1[ n {a (n+m)}%_ 1

n+m+16771 [n+1 2m

_ 2n(2m+n+3)07"+2 mo? _ 2mb, 6, )
(m+1)(m+2)(m+n+1)(n+m+2)6"  m+2 m+1 + 91 (4.5)
If m=n,
br)-_n_[_an &{l_n_ﬂ} (1))

br- (92) n+1 [2n+1 |t~y t O 0 (48
g

where, 8 = =,
92

5.CASE- II: 8, > 6,
1 1 1 91 91 91
In this situation, s la<l<oga<g<oaq<l<l<o
2 2 2

X,ifo<t<g
Y ifg<t<l1

. 6,
T =< X ,1f1$t<—
6,

0
X ,if9—1St<oo
2

Thus,

T*:XI({],cj +YI(C1’1)(t) + X1 01 (t) + X [ 01 (t) (51)
1 (15,) ()

= (1) + (1) + (111) + (IV)
E(1) = E[X o, e1y(1)]

=E[ o, ey() E{XTte(0,c)}]

1

__ntm 92 j'(;l ¢ hT(t | 91’ Qz)dt, o= [M n

n+m+1

2m

n+i1
mn 681 1 {ax(m+n)}—n

Cm4n+1 08 n+1

2m

12
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E(1%) = E[X* [ ¢, o1)(D)]

n+2
mn 63?1 {a(m+n)}—n

Cm4n42 68 n42

2m

E(I) =E[ I(c.1y() E{Y I t € (c1,1)} ]

__ntm 6, f:% hy(t|6,,0,) dt

n+m+1

g, (%) 1 (1)

n+m+1 2 m+n \6,
_ m et [ a(m+n)
n+m+1 6 2m
meRtt a m+n Optt

T (n4m+1)6F 2 m+n+1 O

ENA =E[Y* e p(t) ]

n+z

m6J a m+n OG-

T (n+m4+2)6 2 m4n+2 O}

01
E(IN) =E [I(LS_;)(t) E{XTte(1,5>)}]

m+n O mn 1 (9{”’1 1)
Cm+n+1 00 m4n n+1 \o2

mn6, mnoptl

:(n+1)(m+n+1) (n+1)(m+n+1)673

2\ 2
E(111%)= E[X 1(1,9—;}(0]

B mno3 mnot?
C (n+2)(m4n+2)  (n+2)(m4+n+2)60

E(V)=E [X [ @ w)(t)]

6,2’

:E[I(ﬁm)(t)E{XIte(g_:,oo)}]

6,2’

13
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m+n O nm oo 1
= 1m fg T dt
m+n+1 631 m+n 1/92tm1
_ nop*t (9;’”)
~ (m4n+1)0t \ot
no,
E(IV)= ———
m+n+1
2\ 2
E(IV)= E [X I(h )]
62’
_ m+in 07" nm 1 (95”)
" m4n+2 6 n+m m \oM
3 no?
T me4n+2
Thus,
mn 6Xt1 1 a’(m+n)n—ﬂ meptt a m+n 6T
E(T™)= 2 { } n 2 _a 2
m+n+1 68 n+1l 2m (n+m+1)6' 2 m+n+1 O}
mn6, mnoRtt né,

+ - + ,
(n+1)(m+n+1) (+D(m+n+1)60;1 m+n+1

1
a 5,;1+1(m+?r131 [ n {a:(n+m)}ﬁ_ 1] + m6§1+1 _ [1_ n n
2 (m+n+1)0; |n+1 2m (m+n+1)0; n+1
7
no, { m + 1}
m+n+1 \n+1
1
E(T™)= @ _mtn ORt1| n {a(n+m}}ﬁ_1 moRpti +n91 (5.2)
2m+n+1l 67 |n+1 2m (n+1D)(m+n+1)07  n+1
n+2
()= mn 68?1 {a’(m+n)} n mot? a m+n OFt?
" m4n+2 6% n+2( 2m (n+m+2)6;* 2 m+n+2 6}
mno3 mnot+? nos

— +
(n+2)(m+n+2)  (n+2)(m+n+2)01 m+n+2

14
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a 6372 (m+n) [ n {af(n+m)}i_ 1] ment? [ n ]+

2 (m+n+2)67] |n+2 2m (m+n+2)067 n+2
no? m
Gty
m+n+2 n+2

2m+n+2 O [n+2 2m (n+2)(M+n+2)67  n+2

E(T*z): a_m+n ﬁ ll {a(n-&-m)}% _ 1] n 2moRt? +n;9f (53)

In this situation, i.e., when 64> 6, the bias of T in estimating 8 is given by,

br- (G2)=ET) -6,

m+n+1 gn i1\ 2m (m+D)(m+m+1)e" N+l

L 0
=g _mIn gt n falmin)\a SRS 1 Ah—
(22 o4

Also
E(T-6,)*=E(T)?-2 6, E(T') + 6,2

2
—_a m+n B;H'?' n (a(m-i—n)); 1l-
2m+n+2 61 |n+2 2m

1
n+m 62| n {OS (n+m)}§ 2moyt? no?
n+m+16711 [n+1 (n+2)(n+m+2)67} n+2

2m

menrtt 2n@?
2 — — =46/
(m+1)(Mm+n+1)07* n+1

2
_a m+n 95”2 n (a(:m-l—n]); 1
C2m4n+2 0% |n42 -

2m

1
n+m 63| n n+m)\n meptt 26
a = —{au}n— 1|+ —2 [ n —
n+m+167 n+1 2m o7 (n+2)(n+m+2)
7] n 2n
gy
(m+1)(m+n+1) n+2 n+l

a m+n BTZHZ{ n (cx(m-s-n))i _ 1} aﬂﬂ[i{aw};—

n+2

2m+n+2 6] 2m n+m+167 [ne1 U 2m
1]+me§+1[ 28, _ 6, ]+ 267
a1 Ln+2)(n+m+2)  (n+1)(m+n+1) (n+1)(n+2)

(5.5)
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6. CASES | AND Il TOGETHER.
Thus, from the cases | and Il above we conclude that,
TBB

X{Ioen(®) + gy (D} + Y{I(CI%) ) + 1(%,1)@)}, if0, <6,

X{I(O,cl)(t) + I(l,oo)(t)} + Y 1H(0), if6, =0, (6.1)
Its bias is given by,
bT*(Glf 92) =
a« m+n 01| n a(m+n]% ngn+l me
2 min+1 éi‘ {m( 2m ) _1} + m + —= — 0,,if 6, <6,
a min 6041 ) n a(m+n)% men+t ] .
2 m+n+1 é" {n+1( 2m ) 1}+(?1-I-1)(?’£-im:+1)9?n+11' if 01 = 6,
(6.2)
The MSE of T is given by,
E(T-6,)°
_ 2n(2m+n+3)6; 2 mé;  2mé 62
_ b, (m+1)(m+2)(n+m+1)(n+m+2)0  m+2 m+ +91 if 01 <0, (6.3)
[ P -2 2| 2 Jif 6, >0
2 m+2)(n+m+2) (+Dmem+Dl T mrDm+2) ’ 1 2
Where
2 1
bzzg m+n 72| n (a:(m+n))n _1l_ g, n+m @0+ i{&(n+m)}n 1 (64)
2m+n+2 1 [n+2 2m n+m+167 In+1l 2m
1 1 Ym
If n=m, c;=an, CZ:(E) and
bT*(GIISZ)
a 2n Ol n 1 noptt né;
22n+1 67 {n—l—l(a)n_l}+(n+1)(2n+1)32 I — Ou,if 6, <0,
- a 2n 9;“{ n 1 1} noptt 0, o =g
2+l 0F lng1 " +(n+1)(2n+1)9f_n+1 /i 61 = 6
br-(0,,0;) =
_an_ 9_{_ _ } ny no,
2n+1 67 n+l (a) 1 (n+1)(2n+1)67 T n+1 - 0y,if 6, <8,
an E{_ _ } nfy+t 6
2n+l 67 n+1(a) 1 (n+1(2n+1)67 n+l "’f = (6 5)

If o=0, T~ gives always pooled estimator and ¢,=0, c,=co. This gives
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ngtt mo, .
+ — 0y, if0,<0,
gm
br-(64,0,) = mﬂ)ﬁ:znﬂ) 2 ml (6.6)
mo, _ 0, f 0. > g
M+D)M+m+1)6"  n+1’ lj b1 20,
If n=m, this becomes,
nﬂ{”l né@
(n+1)(2n+1)0" + n+1 — 01,if 6, <9,
bT* (91,92) = nﬁé’”l 6, (67)
— y >
(n+1)(2n+1)67 n+1  if 6120

In this putting 8; = 6, , we have
no+1 N no,
(n+1)2n+1)6" n+1

__nb;—-2n6;-0,
T (n+D)(@n+1)

br-(61) = - 0

_ =0,(n+1)
T (n+1)(2n+1)

2ni1 : the bias of the maximum of a sample of size 2n.

If m=n the MSE of T™ is given by,

E(T*-91)2= bé B (n+2)(2:f§;§2n+2)9§ ﬁi - 62 + 91 /if 61 <0, (6-8)
b nﬂgé;“ (n+22)(622n+2)_(n+1)g(12n+1)] (n:)ﬂéﬂ)’if 0, 2 0,
Where
. a n 6 2 2n O+
27 2n+1 o [n+2an_1] “In+ 167 1[n+1 n_l]
If 0=0, in this, then, b;=0 and
nt2 2
E(T*-91)2= _(n+2)(2£;1n+611)(2n+2)6; % 216 2 6f,if 61 <0, (6.9)
ne1
(:f-i)e;l (n?z)_(zsil)] (n+ff(ln+2)’if 012 6,
o2
m (6.10)

(6.10)is the MSE of the maximum in the 2n observations, if 6; = 6,.

If =1, m=n we have ¢;=Cc,=1 and T~ becomes never pool estimator. In this

case
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n_é*l(n ngttt né, .
bre (61, 6,) = 2n+1 6] {?Hl 1} * (n+1)(2n+1)67 o wif 0L <8 (6.11)
T2l n BEH{L_l}_f_LM_i if 6, = 6 .
m+1 67 ln+1 (n+1)(2n+1)6" 'Y =02

If 8; = 6, this becomes,

?1,91 n91 91
bT*(91) = - + —
Cn+1)(n+1) (mn+1)EZn+1) n+1
_ 64
= —wy (6.12)

(6.12) gives bias of the maximum in n observations in single sample.

If m=n, a=1,

_ nopt? 2n(91—92)+491—92]
T+l (n+2)(2n+1)6,

If 6; = 05, this becomes,

3n6z

T (n+1)(n+2)(2n+1).

b,

If n=m, o=1, 6; = 0,

262

* 2 _
E(T-01)" = m+1)(n+2).

: MSE of maximum of sample of size n (i.e., of X).

Note that,

h 267
(m+1)(2n+1)  (+1)(n+2)’

M n>1 and 6;>0.

That is, MSE of proposed estimator T* is smaller than that of the sample

maximum of size n ¥ n>1 and 6>0.

7. COMPARISON OF ESTIMATORS:

To have an idea of comparative values of mean square error (MSE) of the

. : 63 . -
proposed estimator T* and the variance IV = —— of uniformly minimum

nin+2)

variance unbiased (UMVU) Estimator based on the single sample,

n+1)

T:

X, we calculate them for some particular values. T* would provide

n

18

617



International Journal of Scientific Engineering and Applied Science (IJSEAS) - Volume-1, Issue-3, June 2015
ISSN: 2395-3470
www.ijseas.com

better estimator when 8, =65-. For the sake of convenience, let us take &.=1 and

6:=0.4, 0.5,...,1.3 etc. Using these values of the parameters we evaluate MSE

of T* and the variance V' of UMVUE based on single sample. For small

samples T* gives smaller MSE than V. This is illustrated by choosing some

values of the sample sizes n and m. Following tables and the graphs make it

clear that whenever 8;=6., T* can be used in a short span of the values. But,

we can not say that T* is uniformly better than T for all 61,5, and for all n, m.

Thus, the proposed estimator T* can be profitably used in the specific region,
with care. If the sample sizes are more than 15, the UMVUE is consistently
better than T* as its variance is less than the corresponding MSE of T*. In this
discussion | did not consider the magnitude of the bias of T*. But, | have

derived expressions for bias of T* in various situations.
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1. Here we consider n=3, m=8 and 0,=1. The MSE(T*) and Variance V

are as below
Table 7.1
MSE(T*) , VARIANCE V WHEN n=3,m=8 AND 0,=1

0, n m mse var
0.4 3 8 0.155928 | 0.010667
0.5 3 8 0.141231 | 0.016667
0.6 3 8 0.097822 | 0.024
0.7 3 8 0.058256 | 0.032667
0.8 3 8 0.032224 | 0.042667
0.9 3 8 0.022331| 0.054
1 3 8 0.027665 | 0.066667
1.1 3 8 0.181955 | 0.080667
1.2 3 8 0.183311 | 0.096
1.3 3 8 0.193911 | 0.112667

0.25

0.2

of
mse/
var

— TS0

AN _

N1

0.4

0.1

s \{ [

0.05

0.5 0.6 0.7 0.8 0.9 1

6,

Figure 7.1

Figure 7.1 shows the span where T* provides a better estimate than UMVUE

based on single sample.

20



International Journal of Scientific Engineering and Applied Science (IJSEAS) - Volume-1, Issue-3, June 2015
ISSN: 2395-3470
www.ijseas.com

2. Here we consider n=5, m=7 and 0,=1. The MSE(T*) and Variance V are

as below.
Table 7.2
MSE(T*) , VARIANCE V WHEN n=5,m=7 AND 0,=1
0, n m mse var
0.6 5 7 0.065936 | 0.010286
0.7 5 7 0.047346 | 0.014
0.8 5 7 0.026049 | 0.018286
0.9 5 7 0.016461 | 0.023143
1 5 7 0.019571 | 0.028571
1.1 5 7 0.091949 | 0.034571
1.2 5 7 0.088216 | 0.041143
1.3 5 7 0.091916 | 0.048286
1.4 5 7 0.100039 | 0.056

0.12
0.08

Values /

of 0.06 N

mse/ \ / / —mmse
var 0.04 s—Qr

0.02 / sy

0

0.6 0.7 0.8 0.9 1 11 1.2 1.3 14

8]

Figure 7.2
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3. Here we consider n=8, m=3 and 0,=1. The MSE(T*) and Variance V are

as below.
Table 7.3
MSE(T*) , VARIANCE V WHEN n=8,m=3 AND 0,=1
0, n m mse var
0.8 8 3 0.015295 0.008
0.9 8 3 0.013654 | 0.010125
1 8 3 0.016591 0.0125
1.1 8 3 0.036653 | 0.015125
1.2 8 3 0.036585 0.018
1.3 8 3 0.039823 | 0.021125
14 8 3 0.044726 0.0245
15 8 3 0.050627 | 0.028125
1.6 8 3 0.057235 0.032
1.7 8 3 0.064418 | 0.036125
1.8 8 3 0.072113 0.0405
1.9 8 3 0.080288 | 0.045125
2 8 3 0.088928 0.05
2.1 8 3 0.098023 | 0.055125
2.2 8 3 0.107569 0.0605
2.3 8 3 0.117564 | 0.066125
2.4 8 3 0.128005 0.072
2.5 8 3 0.138891 | 0.078125
2.6 8 3 0.150224 0.0845
2.7 8 3 0.162001 | 0.091125
2.8 8 3 0.174222 0.098
2.9 8 3 0.186889 | 0.105125
0.2
0.18 //
g ~
Values of .12 /
mse/ 0.1 / -
var 008 / / mse
0.06 / / T
0.04 / /
002 —— S /
’ o.slo.g‘ 1 I1.1I1.2I1.3I1.4I1.5‘1.6‘1.7‘1.8‘1.; 2 ‘z.llz.zlz.s‘z.alz.s‘2.5‘2.7I2.8‘2.9I
el

Figure 7.3
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4. Here we consider n=m=3 and 0,=1. The MSE(T*) and Variance V are as

below.
Table 7.4
MSE(T*) , VARIANCE V WHEN n=m=3 AND 0,=1
0, =m mse var
0.4 3 0.084078 | 0.010667
0.5 3 0.084268 | 0.016667
0.6 3 0.061419 | 0.024
0.7 3 0.042279 | 0.032667
0.8 3 0.033758 | 0.042667
0.9 3 0.036705 | 0.054
1 3 0.049507 | 0.066667
1.1 3 0.157842 | 0.080667
1.2 3 0.167972 | 0.096
1.3 3 0.18439 | 0.112667
14 3 0.205548 | 0.130667
15 3 0.230507 0.15
1.6 3 0.258679 | 0.170667
0.3
0.25 LA
0.2
Values of
mse/ 0.15 /

var

0.1

0.05

04 05 06 07

0.8 0.9 1

1.2

0,

1.3 14

15 16

Figure 7.4
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5. Here we consider n=m=5 and 0,=1. The MSE(T*) and Variance V are as

below.
Table 7.5
MSE(T*) , VARIANCE V WHEN n=m=5 AND 0,=1
01 n=m mse var
0.6 5 0.053385 | 0.010286
0.7 5 0.040361 | 0.014
0.8 5 0.024444 | 0.018286
0.9 5 0.018647 | 0.023143
1 5 0.023456 | 0.028571
1.1 5 0.086482 | 0.034571
1.2 5 0.085198 | 0.041143
1.3 5 0.090243 | 0.048286
14 5 0.099125 | 0.056
15 5 0.110572 | 0.064286
1.6 5 0.123901 | 0.073143
1.7 5 0.138733 | 0.082571
0.16
0.14
0.12
0.1
Values of
mse/ P
var 0.08
0.06 / —ar
0.04 //
0.02 —
/
0
06 07 08 09 1 11 12 13 14 15 16 1.7
0,
Figure 7.5
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6. Here we consider n=8, m=8 and 0,=1. The MSE(T*) and Variance V are

as below.

Table 7.6
MSE(T*) , VARIANCE V WHEN n=8,m=8 AND 0,=1

0, n=m mse var

0.7 8 0.027597 | 0.006125
0.8 8 0.020979 | 0.008
0.9 8 0.010685 | 0.010125
1 8 0.011014 | 0.0125
1.1 8 0.044467 | 0.015125
1.2 8 0.039973 | 0.018

1.3 8 0.041341 | 0.021125

0.05

0.045

0.04

0.035

Values of 0.03

mse/

var
0.025

0.02

0.015

0.01 /

0.005

0

0.7

0.9

1.2

1.3

Figure 7.6
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7. Here we consider n=15, m=15 and 0,=1. The MSE(T*) and Variance V
are as below.
Table 7.7
MSE(T*) , VARIANCE V WHEN n=15,m=15 AND 0,=1

0, n=m mse var

0.9 15 0.006613 | 0.003176
1 15 0.003685 | 0.003922
1.1 15 0.014804 | 0.004745
1.2 15 0.012066 | 0.005647

0.006

0.004 /

0.002

0.9 1 11 1.2

0,

Figure 7.7
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